(a)

Example class 4 solution

[L2, Lz]Yzm = L2(LzY2m> - Lz(L2Y2m)
= L*mhYy, — L1+ D)R*Y), = 11+ 1)mh*Y,, — mhl(l + 1)A*Y;,, = 0
30 =1(l+ 1) so [ =5 which means m takes any value = —5, —4..0..4,5

add toget Ly + L_ =2L, so L, = (L, +L_)/2

<Ly >=131[[Y} LyYy,sin0dode + L [ [ LY, sin0dfdg

= My [ Vi Yions1 50 0d0d6 + LAy [ [ V75, Y1 5in 0d0de = 0
as normalisation is [ [ Y}, Yy, sin 0d0de = 6(m — m/)o(l —U')

L+L7Y2m x L + (YE mfl) 8 YE m

this has the form of an eigenvalue/eigenfunction equation with Y; ., as
an eigenfunction.

LiL_ = (Ly+iLy)(L, —iL,) = L2 4 iL,L, —iL,L, + L2
= L2+ L2 —i(L,L,— L,L,) = L2+ L2 —i[L,,L,) = L2 + L2 — ishL,
=L*—L?+hL,

L.L_ Yy, = (L* — L? + hL.)Yy,, = {I(1 + 1)h? — m?R* + mh®}Yy,,
so eigenvalues (I + 1)A* — m*h* + mh® = R*[I(1 + 1) — m(m — 1)]
LiL Yy = Ly(Apn-Yim1) = hyfl(L+ 1) = m(m — 1) Ly (Vi mo1)

Thi sis the tricky bit - remember you are now dealing with Y},,_; NOT
Y} so you have to find A;,,_1 NOT A,

= By /I(l + 1) — m(m — DAy JI(1+ 1) — (m — 1)(m — 1+ 1)¥j s
= R*[I(l + 1) — m(m — 1)]Y},, as required!

Lyt = qghtp = qh(aY1y + bY10 + cYi-1)

L_+p = L_(aYy1 +bYip+ cYi_1) = A Yo + bA1Yi1
= ah\/2Y1o + bh/2Y 4

Lty = Li(aYi +0bYi0+ cYi_1) = bAwYi1 + cAipYio



= h(b\/ﬁYn + C\/§Y10)

Hence L,y = §(bv/2Y1 + (¢ + a)v2Yi0 + 0v2Y11) = Jo (0 + (¢ +
a)Yip +bY1_1)

equate coefficients \%b = hag, %(c + a) = hbg and %b = chq
so for ¢ = 1 we have Lb:a, %(c—i—a) = b and %b:c
SO¢—b( Y11+Y10+ \/—)/1 1)

normalise ¢ = \[(\[Yn + Y0+ le 1)

= %Yu + ﬁylo + §Y171

so for ¢ = —1 we have %b: — T(C+a) = —b and %b: —c
50 ¢ = b(—— Y11 + Y10 — \fY171)

normalise ¢ = \[( \I/YH + Y10 — \[YLl) = —lYn + %Ylo — lYfl

and for ¢ = 0 we have - b =0, T(c+a)—0and Zsb=01ie b=0
and c = —a

SO 1 = G(YH - Yl—l)
normalise ¢ = %(YH -Yi1)



