
Example class 4 solution

(a) [L2, Lz]Ylm = L2(LzYlm) − Lz(L
2Ylm)

= L2mh̄Ylm −Lzl(l+ 1)h̄2Ylm = l(l+ 1)mh̄3Ylm −mh̄l(l+ 1)h̄2Ylm = 0

30 = l(l+ 1) so l = 5 which means m takes any value = −5,−4..0..4, 5

(b) add to get L+ + L− = 2Lx so Lx = (L+ + L−)/2

< Lx >= 1

2

∫ ∫

Y ∗
lmL+Ylm sin θdθdφ+ 1

2

∫ ∫

Y ∗
lmL−Ylm sin θdθdφ

= 1

2
Alm+

∫ ∫

Y ∗
lmYlm+1 sin θdθdφ+ 1

2
Alm−

∫ ∫

Y ∗
lmYlm−1 sin θdθdφ = 0

as normalisation is
∫ ∫

YlmYl′m′ sin θdθdφ = δ(m−m′)δ(l − l′)

(c) L+L−Ylm ∝ L+ (Yl m−1) ∝ Yl m

this has the form of an eigenvalue/eigenfunction equation with Yl m as
an eigenfunction.

L+L− = (Lx + iLy)(Lx − iLy) = L2
x + iLyLx − iLxLy + L2

y

= L2
x + L2

y − i(LxLy − LyLx) = L2
x + L2

y − i[Lx, Ly] = L2
x + L2

y − iih̄Lz

= L2 − L2
z + h̄Lz

L+L−Ylm = (L2 − L2
z + h̄Lz)Ylm = {l(l + 1)h̄2 −m2h̄2 +mh̄2}Ylm

so eigenvalues l(l + 1)h̄2 −m2h̄2 +mh̄2 = h̄2[l(l + 1) −m(m− 1)]

L+L−Ylm = L+(Alm−Yl,m−1) = h̄
√

l(l + 1) −m(m− 1)L+(Yl,m−1)

Thi sis the tricky bit - remember you are now dealing with Ylm−1 NOT
Ylm so you have to find Alm−1 NOT Alm

= h̄
√

l(l + 1) −m(m− 1)h̄
√

l(l + 1) − (m− 1)(m− 1 + 1)Yl,m−1

= h̄2[l(l + 1) −m(m− 1)]Ylm as required!

(d) Lxψ = qh̄ψ = qh̄(aY11 + bY10 + cY1−1)

L−ψ = L−(aY11 + bY10 + cY1−1) = aA11Y10 + bA10Y1−1

= ah̄
√

2Y10 + bh̄
√

2Y1−1

L+ψ = L+(aY11 + bY10 + cY1−1) = bA10Y11 + cA10Y10

1



= h̄(b
√

2Y11 + c
√

2Y10)

Hence Lxψ = h̄
2
(b
√

2Y11 + (c + a)
√

2Y10 + b
√

2Y1−1) = h̄√
2
(bY11 + (c +

a)Y10 + bY1−1)

equate coefficients h̄√
2
b = h̄aq, h̄√

2
(c+ a) = h̄bq and h̄√

2
b = ch̄q

so for q = 1 we have 1√
2
b = a, 1√

2
(c+ a) = b and 1√

2
b = c

so ψ = b( 1√
2
Y11 + Y10 + 1√

2
Y1−1)

normalise ψ = 1√
2
( 1√

2
Y11 + Y10 + 1√

2
Y1−1)

= 1

2
Y11 + 1√

2
Y10 + 1

2
Y1−1

so for q = −1 we have 1√
2
b = −a, 1√

2
(c+ a) = −b and 1√

2
b = −c

so ψ = b(− 1√
2
Y11 + Y10 − 1√

2
Y1−1)

normalise ψ = 1√
2
(− 1√

2
Y11 + Y10 − 1√

2
Y1−1) = −1

2
Y11 + 1√

2
Y10 − 1

2
Y1−1

and for q = 0 we have 1√
2
b = 0, 1√

2
(c + a) = 0 and 1√

2
b = 0 i.e. b = 0

and c = −a
so ψ = a(Y11 − Y1−1)

normalise ψ = 1√
2
(Y11 − Y1−1)

2


