(a)

equivalence principle - gravity is the same as acceleration and/or that

free fall is the same as no gravity [1 mark]
gravity=curvature. [2 marks]
spacetime curved by mass/energy [1 mark]
travel in straight line (natural paths) over curved surface so path looks
curved. [1 mark]
Ocfab = Oc(€q-€) = Oc(€q) €5 + €4-0c(ep) [1 mark]
=T eqe,+ el es =T ga + T4 0ad [1 mark]
a — b, b — cand ¢ — a gives 9,95 = I'% g4 + ['%.gra- Repeat
ab.gca = decgda + deagcd [1 mark]
deab + Oagbe — Obgea = T 9ap + T aa + T 9ac + T% g6 — T%.9da —
I%09ea = 217 gap [1 mark]
gfbgbdrdca = 5fdrdca = cha = %gfb(acgab + OaGbe — Obgea) [1 mark]

Dx  D(puaA*) Dpg D)\°
A _ A% a
du du du TH du
ie Leibniz’s rule for derivatives [1 mark]

but absolute derivative of scalar same as normal so Dy/du = dx/du =

d(pa\*)/du = (dptg/du) N + 1, dA* /du [1 mark]
(dpta/du) X + 11,dN/du = Dty /dud® + o (dA*/du + TENdz¢ /du)
(dpta/du)X® = Dpig/dul® + 11, T8N dx¢ /du [1 mark]

relabel indices so cancel \’: (dpuy/du)\’ = Dpy/dul’ + I8N dx¢ /du
[1 mark]

derivative - compare quantities across small spatial difference. but
vector can change from spatial curvature as well as real change. so real
change is total - space curvature (parallel transport). [1 mark]

null metric for light 0 = (1 — 2m/r)c*2 — r2¢? [1 mark]

substitute in 2 = r3¢?/(mc?) so 0 = (1 — 2m/r)r3¢?/(mc®) — r2¢?
[1 mark]

0=(1-2m/r)r* —mr?=1r3%—2mr* —mr? [1 mark]

1



r3—3mr?=0sor =3m [1 mark]

unstable orbits [1 mark]

particles 2 = (1 — 2m/r)c2? — r2¢? [1 mark]
substitute in 2 = r3¢2/(mc?) so & = (1 — 2m/r)r3¢?/(mc?) — r2¢?
me® = (1 — 2m/r)r3¢? — r’mg?

me? = (/52(7“3 — 3mr?)

¢* =mc?/(r3(1 — 3m/r)) [2 marks]
¢* = (do/dr)? so for orbit at rq its (21/7)% = me?/(r3(1 — 3m/ry))
so 7 =2r[r3(1 — 3m/ro)/(mc?)]/? [2 marks|

in the limit as m — 0 then

()~ a1
d¢ c2L?
[1 mark]

test solution u = ugsin ¢ so du/d¢ = ug cos ¢ and (du/dp)* = u3 cos® ¢
[1 mark]

substitute in u3 cos? ¢ + u2sin® ¢ = E?/(2L?) = u? [1 mark]
distance of closest approach is ro = 1/ug = ¢L,/FE [1 mark]
paths get bent towards the massive object [1 mark]



U=unseen - but they will have seen similar examples using a different metric

(a)

(c)

L=3[r2%+ r2¢?) [U: 1 mark]
OL/or = S[—2r=%/2 + 2r¢?] = —r 32 4 r¢? [U: 1 mark]
OL/Or = Sr722F = r~ % [U: 1 mark]
sub into EL: %% — g—f =0
d/dr(r=2/) +r 372 — r¢? = 0 [U: 1 mark]
r2 i (=203 T — g = 0
so i — (1/7)i2 = r3¢2 = 0 [U: 1 mark]
OL/0p =0 [U: 1 mark]
OL/O¢ = 126 [U: 1 mark]
d/dr(r?¢) —0 =10 [U: 1 mark]
r2¢ 4 2 = 0 ie ¢ 4 (2/r)r¢p = 0 [U: 1 mark]
geodesic equation in r is

P T2 T, 7+ T8 + 70 = 0
P72 207 i+ T 0% = 0 [U: 2 marks]
and in ¢ is
¢+ 10,72 +20° 7+ 1% 3% =0 [U: 2 marks]
so compare coefficients and the only non zero christoffel symbols in r
are I, = —1/r and I'",, = —1® [U: 1 mark]
and F¢r¢ = F¢¢r =1/r [U: 1 mark]
p=sla—b:p=1/a, d=0,7r=7=0 [U: 1 mark]
sub into EL for r: —r3(1/a)? # 0 so NOT geodesic, [U: 1 mark]

even though EL in ¢ has ¢+ 2I'° ;7¢ = 0+ (2/r).0.(1/a) = 0



(d) dX"/dr + T3 AP =0 [U: 1 mark]
d\"/dr + 17, X" =d\" /dr —1/r\" =0 [U: 1 mark]
d\"/dr = X" [r so dN" /N = dr/r [U: 1 mark]
hence [log X"]i:g:ég = [logr]’t [U: 1 mark]
and X'(r1)/A(r0) = r1/ro [U: 1 mark]
similarly d\?/dr + %5, \B =0 [U: 1 mark]
d\?/dr +T%, X0 = d\?/dr +1/r)\? =0 [U: 1 mark]
dX\? /dr = N\?/r so dN?/\? = —dr/r [U: 1 mark]
hence [log )\d’]iig;g = [~ logr]}L [U: 1 mark]
and \?(r1)/A?(ro) = ro/m [U: 1 mark]
length g, A" (r1) A" (11) + goeA? (r1)A®(r1) [U: 1 mark]
= (1) 2(A"(r0))*(r1/70)* + (r1)*(A%(ro))* (ro/71)? [U: 1 mark]
= A"(1r9)%/(r0)% + A?(r9)?(r0)? so no dependence on 7| so its constant
with respect to 7. [U: 1 mark]



(a) ¢

(c)

(1—2m/r)t? — (1 —2m/r)~%% and (1 — 2m/r)t =1 so
A=1-2m/r)?/(1—2m/r)* — (1 —2m/r) 172
A1 —2m/r) =c* —r?

7 =dr/dr = £c\/2m/r [S: 2 marks]
-ve as infall. —dry/r/2m = cdr
P32 _ 432

T—/ —drm /dr\/r/m—\/_rl 3_2

[S: 2 marks]

This is continuous across r = 2m [S: 1 mark]

coordinate velocity dr/dt so back to metric and divide by dt* to get

A2 = (1—2m/r)c? — (1 —2m/r)"Y(dr/dt)? [S 1 mark]
and then substitute in (1 — 2m/r)t = 1 to get c*(1 — 2m/r)? = (1 —
2m/r)c® — (1 — 2m/r)~(dr/dt)? [S: 2marks]

A1 —2m/r)? = (1 —2m/r)*c* — (dr/dt)?

(dr/dt)* = (1 —2m/r)*[1 — (1 — 2m/r)] = (1 — 2m/r)*2m/r
hence (dr/dt) = £c(1 —2m/r)\/2m/r [S: 2 marks]
inwards. (dr/dt) = —c(1 —2m/r)\/2m/r, and r = 2m + € so (dr/dt) =
—c(1 —=2m/(2m + €)/2m/(2m + €)

(dr/dt) = —c(1 — (14 ¢/2m)~H)(1 + ¢/2m)~ /2 [U 2 marks]
binomial (dr/dt) — —c(1—(1—€/2m))(1—€/4m) — —ce/2m[U: 2 marks]
2m+-e 2m+e 2
ct:—/ ,/ —mde—> —2mloge — coase — 0
6m 1 — 2m/r
[S: 2 marks]

new metric is ¢*dr? = (1—2m/r)(cdT — grfég;g dr)?—(1—=2m/r)"dr?




(2m/r)' 2 drdT+—(2m/T) dr?]—(1—2m/r) tdr?

= Oy T T

[U 2 marks]

Adr? = (1-2m/r)EdT?*=2(2m/r) 2cdTdr+(2m/r)(1—2m/r) " Ldr’—(1—2m/r) " dr?

[U 2 marks]

Adr? = (1 —2m/r)EdT? — 2(2m/r) 2cdTdr — dr?

[U 2 marks]
light has dr = 0 s0 0 = (1 — 2m/r)c?dT? — 2(2m/r)*2cdTdr — dr?
hence 0 = (1 — 2m/r)c? — 2(2m/r)*%cdr /dT — (dr/dT)? [U 2 marks]
solve quadratic

dr/dT = [=2(2m/r)/%c £ /4.2mc /7 — 4(1 — 2m/r)c?] /2 [U 2 marks|

= —2m/r'* + \/2m02/r —(1=2m/r)cz = —2me/r* + ¢

= (—/2m/r £ 1)c [U 2 marks]

outgoing have dr/dT = (1 —y/2m/r)c < 0 for r < 2m so the light goes
inwards even though it was emitted outwards! [U 2 marks]



