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Wojtak, Hansen & Hjorth, Nature 2011

• Wojtek, Hansen & Hjorth stacked 7,800 
galaxy clusters from SDSS DR7 in 
redshift space

• centre defined by the brightest 
cluster galaxy

• approx 10 redshifts per cluster

• They found a net offset (blue-shift) 
corresponding to v = -10 km/s

• c.f. ~600km/s l.o.s velocity dispersion

• Interpreted as gravitational redshift effect

• right order of magnitude, sign

• “Confirms GR, rules out TeVeS”

• Had been discussed before (Cappi, 
Broadhurst+Scannapiaco, ....)

• related to conventional “RSD”...
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Figure 1 Velocity distributions of galaxies combined from 7, 800 SDSS galaxy clusters. The line-
of-sight velocity (vlos) distributions are plotted in four bins of the projected cluster-centric distances
R. They are sorted from the top to bottom according to the order of radial bins indicated in the
upper left corner and offset vertically by an arbitrary amount for presentation purposes. Red lines
present the histograms of the observed galaxy velocities in the cluster rest frame and black solid
lines show the best fitting models. The model assumes a linear contribution from the galaxies
which do not belong to the cluster and a quasi-Gaussian contribution from the cluster members
(see SI for more details). The cluster rest frames and centres are defined by the redshifts and the
positions of the brightest cluster galaxies. The error bars represent Poisson noise.
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Figure 2 Constraints on gravitational redshift in galaxy clusters. The effect manifests itself as a
blueshift ∆ of the velocity distributions of cluster galaxies in the rest frame of their BCGs. Velocity
shifts were estimated as the mean velocity of a quasi-Gaussian component of the observed velocity
distributions (see Fig. 1). The error bars represent the range of ∆ parameter containing 68 per cent
of the marginal probability and the dispersion of the projected radii in a given bin. The blueshift
(black points) varies with the projected radius R and its value at large radii indicates the mean
gravitational potential depth in galaxy clusters. The red profile represents theoretical predictions of
general relativity calculated on the basis of the mean cluster gravitational potential inferred from
fitting the velocity dispersion profile under the assumption of the most reliable anisotropic model
of galaxy orbits (see SI for more details). Its width shows the range of ∆ containing 68 per cent
of the marginal probability. The blue solid and dashed lines show the profiles corresponding to two
modifications of standard gravity: f(R) theory4 and the tensor-vector-scalar (TeVeS) model5, 6.
Both profiles were calculated on the basis of the corresponding modified gravitational potentials
(see SI for more details). The prediction for f(R) represents the case which maximises the deviation
from the gravitational acceleration in standard gravity on the scales of galaxy clusters. Assuming
isotropic orbits in fitting the velocity dispersion profile lowers the mean gravitational depth of the
clusters by 20 per cent. The resulting profiles of gravitational redshift for general relativity and
f(R) theory are still consistent with the data and the discrepancy between prediction of TeVeS
and the measurements remains nearly the same. The arrows show characteristic scales related to
the mean radius rv of the virialized parts of the clusters.
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Supplementary Figure 1 Velocity diagram combined from kinematic data of 7800 galaxy clusters
detected in the SDSS11 Data Release 7. Velocities vlos of galaxies with respect to the brightest
cluster galaxies are plotted as a function of the projected cluster-centric distance R. Blue lines are
the iso-density contours equally spaced in the logarithm of galaxy density in the vlos − R plane.
The arrows show characteristic scales related to the mean virial radius estimated in dynamical
analysis of the velocity dispersion profile. Data points represent 20 per cent of the total sample.
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blueshift ∆ of the velocity distributions of cluster galaxies in the rest frame of their BCGs. Velocity
shifts were estimated as the mean velocity of a quasi-Gaussian component of the observed velocity
distributions (see Fig. 1). The error bars represent the range of ∆ parameter containing 68 per cent
of the marginal probability and the dispersion of the projected radii in a given bin. The blueshift
(black points) varies with the projected radius R and its value at large radii indicates the mean
gravitational potential depth in galaxy clusters. The red profile represents theoretical predictions of
general relativity calculated on the basis of the mean cluster gravitational potential inferred from
fitting the velocity dispersion profile under the assumption of the most reliable anisotropic model
of galaxy orbits (see SI for more details). Its width shows the range of ∆ containing 68 per cent
of the marginal probability. The blue solid and dashed lines show the profiles corresponding to two
modifications of standard gravity: f(R) theory4 and the tensor-vector-scalar (TeVeS) model5, 6.
Both profiles were calculated on the basis of the corresponding modified gravitational potentials
(see SI for more details). The prediction for f(R) represents the case which maximises the deviation
from the gravitational acceleration in standard gravity on the scales of galaxy clusters. Assuming
isotropic orbits in fitting the velocity dispersion profile lowers the mean gravitational depth of the
clusters by 20 per cent. The resulting profiles of gravitational redshift for general relativity and
f(R) theory are still consistent with the data and the discrepancy between prediction of TeVeS
and the measurements remains nearly the same. The arrows show characteristic scales related to
the mean radius rv of the virialized parts of the clusters.
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Zhao, Peacock & Li, 2012

• delta-z is not just gravitational redshift

• Sources are moving, so we also see

• transverse Doppler effect:

• 1st order Doppler effect averages to 
zero, but.... 

• to 2nd order <delta-z> ~= <v2/c2>/2

• can be understood as time dilation

• Generally of same order of magnitude as 
gravitational redshift

• from virial theorem, Jeans eq...

• And it doesn’t really test GR

• see also Bekenstein & Sanders, 2012 

• more later.....
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Why should see a gravitational redshift anyway?

• Einstein’s invented GR by elevating Galileo’s observation that all 
things fall in the same way under gravity to a principle

• Principle of Equivalence: space-time is locally flat.

• gravity vanishes for freely falling observers

• gravitational redshifts are only seen by non-inertial observers 

• (like Pound and Rebka (1960))

• e.g. cosmological redshift: purely Doppler, no grav-z

• more correctly a sequence of small Doppler shifts

• But galaxies seen by SDSS (and Earth!) are also in free fall - so 
should there be a gravitational redshift? (answer: yes)

• Best to calculate with fictitious non-inertial observers on 
some kind of rigid lattice.

• Use local Doppler shifts to go from galaxy to grid and from 
grid to observer and so on...
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Equivalence principle & gravitational redshift

• Einstein: Equivalence means that observers being 
accelerated by the stress in the ground under them 
imparting momentum to them will see light being Doppler 
shifted exactly as would a pair of astronauts in empty space 
being accelerated by a rocket.

• Pound and Rebka (1960):  He was right.
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But that way of thinking leads one to....

• Light cone effect

• we will naturally tend to see more objects moving 
away from us than towards us in any observation 
made using light as a messenger

• this gives an extra red-shift effect

• again of the same order of magnitude as the 
gravitational redshift
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Light-cone effect

• Light cone effect

• we will see more galaxies moving away from us

• past light cone of event of our observation 
overtakes more galaxies moving away than 
coming towards us

• phase space density contains a factor (1-v/c)

• <delta-z> = <(vlos/c)2>

• same sign as TD effect

• 2/3 magnitude (isotropic orbits)
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Another way to look at LC effect

• Particle oscillating in a pig-trough

• r(t) = a cos(wt + phi)

• v(t)/c = -(aw/c) sin(wt + phi)

• v(t) averages to zero

• average could be over phase or time

• but vobs = v + (x/c) dv/dt + ...

• where x/c is the look-back time

• and the extra term does not average to zero

• ~ same as Einstein prediction for Pound & Rebka

• i.e. Doppler effect with delta-z = g x / c.
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But wait! There’s something fishy here...

• Why is the transverse Doppler effect a red-shift?

• Take a birthday cake; light the candles and put it on a 
turntable and spin it.

• Detect all the photons and measure their frequency

• Compare with non-rotating experiment.

• Shouldn’t we see blue-shift f_obs = gamma * f_em?

• Or what if we have a swarm of moving astrophysical sources 
destroying rest mass and turning it into light and we catch all 
the photons and measure their energy.  

• Do we see a red-shift?  If so, how is can that be compatible 
with energy conservation?

• This is SR, so unlike in cosmology, energy is supposed to 
be conserved
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Unresolved sources composed of moving sources 
have a transverse Doppler blue-shift

• A single object will appear red-shifted (on average)

• A swarm of objects will have an additional red-shift from their 
motions (light-cone effect)

• But photons from a body composed of moving sources must, 
on average, be blue-shifted

• if not, energy conservation would be violated

• The apparent contradiction is resolved once you appreciate 
that a source that radiates isotropically in its rest frame is not 
isotropic in the observer (or lab) frame

• Relativistic beaming:

• slightly more photons emerge in the forward direction

• and these pick up a 1st order Doppler blue-shift

• which leads to a 4th effect:
Friday, July 26, 13



Surface brightness modulation
• Line of sight velocity changes surface 

brightness

• relativistic beaming (aberration)

• plus change of frequency

• velocities modulate luminosity

• effect depends on SED: delta-L/L = (3 + 
alpha)v/c ~= 5vlos/c 

• spectroscopic sample is flux limited at 
r=17.8

• delta-n/n = - d ln n(>Llim(Z))/d ln L * 
delta-L/L

• opposite sign to LC, TD effects, but much 
larger

• because sample is limited to bright end 
of the LF
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Figure 1. Spectral index vs. redshift for representative galaxy
types observed in Sloan r-band

luminosity function does not, and the parameters are not
very different from the field galaxy luminosity function, so
we will use the latter, as determined by Montero-Dorta &
Prada (2009), as a proxy. Their estimate of the LF obtained
from the r-band magnitudes K-corrected to Z = 0.1 has
M∗ − 5 log10 h = −20.7 and faint end slope of α = −1.26.
The resulting d ln n(> L)/d ln L, computed using the flux
limit r = 17.77 appropriate for the SDSS spectroscopic sam-
ple used by WHH, is shown as the dot-dash curve in figure
2.

Finally, we would like to compute the average of (3 +
α)d ln n(> L)/d ln L over the galaxies used. The 7,800 clus-
ters used by WHH were selected by applying a richness
limit to the parent GMBCG catalog (Hao, J., et al. 2010)
that contains 55,000 clusters extending to Z = 0.55. These
clusters were derived from the SDSS photometric catalog
that is much deeper than the spectroscopic catalog. Con-
sequently, at the low redshifts where the spectroscopically
selected galaxies live, this parent catalog is essentially vol-
ume limited for the clusters used, so the redshift distribu-
tion for the cluster members used is essentially the same
as that for the redshift distribution for the entire spec-
troscopic sample, save for the fact that the GMBCG cat-
alog has a lower redshift limit Zlim = 0.1, which is very
close to the redshift where dN/dZ = Z2n(Z) peaks. This is
the bell shaped curve in figure 2. Combining these we find
〈d ln n/d ln L〉 =

R

dZ Z2n(Z)d ln n/d ln L/
R

dZ Z2n(Z) $
2.0 with integration range 0.1 < Z < 0.4, and the average
〈(3 + α(Z))d ln n(> L)/d ln L〉 $ 10. This may be a slight
overestimate, as the cluster catalogue is not precisely vol-
ume limited and the actual dN/dZ may lie a little below the
solid curve in figure 2 at the highest redshifts.

With this value, the surface brightness modulation ef-
fect is roughly a factor 10 larger in amplitude than the light-
cone effect, but has opposite sign. For isotropic orbits the
combination of these gives a blue-shift 6 times as large as
the TD effect so the overall effect is therefore similar in am-
plitude to the TD effect but with opposite sign, so it causes
the total observed effect to be larger than the gravitational
effect alone rather than smaller.

Figure 2. The dot-dash curve is the logarithmic derivative of
the comoving density of objects above the luminosity limit as a
function of redshift. The bell-shaped curve is dN/dZ = Z2n(Z)
and the solid curve is that truncated at the minimum redshift
imposed by the parent cluster catalogue. The mean of the log-
derivative, averaged over the redshift distribution turns out to be
! 2.0.

4 EFFECT OF SECULAR INFALL

The discussion so far has focused mostly on the stable, viri-
alised regions. Clusters, however, are evolving structures and
the mass within a fixed physical radius M(< r) will in gen-
eral be changing. In the outer parts of clusters there will
be infall and the mass will be increasing with time. In the
centres of clusters there may be softening of the cores in
which would reduce the mass and would have an associated
outflow.

The combination of infall and the associated Ṁ will re-
sult in a positive offset of the mean line of sight velocity
since the density will be slightly higher in front of the clus-
ter where we see the galaxies later and these galaxies will
be moving against us. There is also a potentially larger ef-
fect from the fact that along any line of sight we observe
galaxies that lie in a cone that will be wider at the back
of the cluster, and at the same order, we need to allow for
the bias caused by the fact that the more distant galaxies
will be fainter. These geometric and flux limit effects, whose
effects on the foreground and background galaxies was dis-
cussed by Kim and Croft (2004), will cause a back/front
anisotropy in the number of galaxies within the clusters
∆N/N ∼ 2H∆r(1− δ(Z))/cz while the change in the phys-
ical density with time caused by the infall will cause an
asymmetry ∆N/N ∼ (r/c)(Ṁ/M) ∼ Hr/c, where we have
assumed that the mass within radius r for the ensemble av-
erage cluster is changing on a cosmological timescale. Evi-
dently, for low redshift clusters, the geometric and flux limit
effects will tend to be the largers.

To order of magnitude, the mean offset induced is
〈βz〉 ∼ H2r2/c2z. The gravitational potential, for compar-
ison, is Φ/c2 ∼ (δρ/ρ)H2r2/c2 where δρ/ρ $ 200 at the
virial radius. Thus, within the virialized region, this geo-
metric term is small compared to the gravitational redshift,
but further out at the turnaround radius where δρ/ρ ∼ 5,
this is a substantial correction.

c© 0000 RAS, MNRAS 000, 000–000
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4 EFFECT OF SECULAR INFALL

The discussion so far has focused mostly on the stable, viri-
alised regions. Clusters, however, are evolving structures and
the mass within a fixed physical radius M(< r) will in gen-
eral be changing. In the outer parts of clusters there will
be infall and the mass will be increasing with time. In the
centres of clusters there may be softening of the cores in
which would reduce the mass and would have an associated
outflow.

The combination of infall and the associated Ṁ will re-
sult in a positive offset of the mean line of sight velocity
since the density will be slightly higher in front of the clus-
ter where we see the galaxies later and these galaxies will
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fect from the fact that along any line of sight we observe
galaxies that lie in a cone that will be wider at the back
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ical density with time caused by the infall will cause an
asymmetry ∆N/N ∼ (r/c)(Ṁ/M) ∼ Hr/c, where we have
assumed that the mass within radius r for the ensemble av-
erage cluster is changing on a cosmological timescale. Evi-
dently, for low redshift clusters, the geometric and flux limit
effects will tend to be the largers.

To order of magnitude, the mean offset induced is
〈βz〉 ∼ H2r2/c2z. The gravitational potential, for compar-
ison, is Φ/c2 ∼ (δρ/ρ)H2r2/c2 where δρ/ρ $ 200 at the
virial radius. Thus, within the virialized region, this geo-
metric term is small compared to the gravitational redshift,
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Corrected grav-z measurement

• Fairly easy to correct for TD
+LC+SB effects

• TD depends on vel. disp. 
anisotropy

• LC+SB directly measured

• net effect is a blue-shift

• ~-9km/s in centre, falling 
to ~-6km/s at larger r

• minor effects from infall/
outflow velocity

• Substantial change in 
measured grav-z term

• but still consistent with 
dynamical mass estimate
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Supplementary Figure 2 Velocity dispersion profile of the composite cluster (left panel) and
constraints on the concentration parameter cv and the logarithmic slope of the mass distribution
α (right panel) from fitting the velocity dispersion profile with an isotropic (blue) or anisotropic
(red) model of galaxy orbits. The solid lines in the left panel show the best-fitting profiles of the
velocity dispersion profile. The contours in the right panel are the boundaries of the 1σ and 2σ
confidence regions of the likelihood function. The error bars in the left panel represent the range
containing 68 per cent of the marginal probability.
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Figure 1 Velocity distributions of galaxies combined from 7, 800 SDSS galaxy clusters. The line-
of-sight velocity (vlos) distributions are plotted in four bins of the projected cluster-centric distances
R. They are sorted from the top to bottom according to the order of radial bins indicated in the
upper left corner and offset vertically by an arbitrary amount for presentation purposes. Red lines
present the histograms of the observed galaxy velocities in the cluster rest frame and black solid
lines show the best fitting models. The model assumes a linear contribution from the galaxies
which do not belong to the cluster and a quasi-Gaussian contribution from the cluster members
(see SI for more details). The cluster rest frames and centres are defined by the redshifts and the
positions of the brightest cluster galaxies. The error bars represent Poisson noise.
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Gravitational Redshifts in Clusters 7

Figure 3. Data points from figure 2 of WHH and prediction based
on mass-traces-light cluster halo profile and measured velocity
dispersions as described in the main text. The dashed line is the
gravitational redshift prediction, which is similar to the WHH
model prediction. The dot-dash line is the transverse Doppler
effect. The dotted line is the LC effect. The triple dot-dash line
is the surface brightness effect. The solid curve is the combined
effect.

would appear to be discrepant, but only at about the 1.5-
sigma level.

The NFW model predicts δz ! −10 km s−1/c for the
outer measurements r ! 3.3, 5.3Mpc, and the measurements
straddle this value. While this model may provide a reason-
able description for isolated clusters in the virialised domain,
it is not at all clear that it is appropriate to describe the com-
posite cluster being studied here. Tavio et al. (2008) have
claimed that beyond the virial radius the density in numer-
ical LCDM simulations actually falls off like ρ ∼ 1/r rather
than the ρ ∼ 1/r3 asymptote for the NFW profile, and the
extended peculiar in-fall velocities found by Cecccarelli et

al. (2011) also argue for shallow cluster profiles, but it is not
clear that these results are widely accepted.

An alternative, and possibly more reliable, approach is
to assume that galaxies trace the mass reasonably well, in
which case the density profile of the stacked cluster has the
same shape as the cluster-galaxy cross correlation function
(e.g. Lilje & Efstathiou, 1988; Croft et al , 1997). This has a
power-law dependence ρ ∼ r−γ with γ ! 2.2, i.e. intermedi-
ate between the NFW and Tavio et al. model predictions.

For space density ρ(r) = ρ0(r/r0)
−γ , where r0 is an ar-

bitrary fiducial radius, the potential is Φ(r) = Φ0(r/r0)
2−γ

and the 1-D velocity disperson, for isotropic orbits, is
σ2(r) = σ2

0(r/r0)
2−γ with Φ0 = 2((1 − γ)/(2 − γ))σ2

0 .
The projected velocity dispersion measured is related to

the 3-D velocity dispersion by σ2(r⊥)/σ2(r) =
R

dy y2−γ(1+

y2)−γ/2 but the projected potential is related to the 3-
D potential in the same way, so the projected quantities
are related by Φ(r⊥) = 2((1 − γ)/(2 − γ))σ2(r⊥). This
is the potential relative to infinity. The difference in pro-
jected potential between two projected radii r1 and r2 is
Φ(r2) − Φ(r1) ! 12σ2(r1)(1 − (r1/r2)

0.2) for γ = 2.2. The
resulting GR effect is shown as the dashed line in figure 3
and is actually quite similar to the shape of the profile for
the WHH NFW composite model.

The FWHM of the bell-shaped velocity distributions in

WHH figure 1 appear to decrease by about 15% between
the inner-bin and the outer points. This is reasonably con-
sistent with the expected σ2 ∝ r−0.2 trend predicted if
galaxies trace mass, but this is perhaps fortuitous since the
outer points are well outside the virial radius. Regardless
of whether the galaxies at large radius are equilibrated or
not, we can use the change in the observed velocity disper-
sion with radius to obtain the differential TD+LC+SB effect
which is shown, added to the GR effect, as the solid line in
figure 3. The kinematic effects flatten out the predicted pro-
file, so the prediction is quite different from the gravitational
redshift alone.

The situation is clearly rather complicated, especially
when using BGCs as the origin of coordinates since the ef-
fects depend on things like the relative velocities of the top
ranked pair of cluster galaxies, and on the BCG halo prop-
erties, that are quite poorly known. However, those factors
only influence the prediction for the innermost data point.
The empirically based theoretical prediction for the profile
of the redshift offset for the hot population as a function
of impact parameter at r⊥ > 0.6Mpc is the most robust;
if galaxies are reasonable tracers of the mass then profile
should be very flat, quite unlike the GR effect from a NFW
profile. The predicted GR and total effects are shown in fig-
ure 3. However, this analysis ignores the effect of secular
infall and out-flow which we consider next.

6 EFFECT OF INFALL AND OUTFLOW

The discussion so far has focused mostly on the stable,
virialised regions. Clusters, however, are evolving structures
and the mass within any fixed physical radius M(r) will in
general be changing. Outside of the virial radius (generally
considered, inspired by the spherical collapse model, to be
the radius within which the mean enclosed mass density is
3π/Gt2) we expect to see net infall, and the enclosed mass at
those radii will be increasing with time, while at still larger
radii there will be outflow tending asymptotically toward the
Hubble flow. In the spherical collapse model the transition
from inflow to outflow takes place at the turnaround radius
where the mean enclosed mass density is ρt = 3π/32Gt2.
This is for a matter dominated Universe; allowing for a cos-
mological constant makes only a small change (Lokas & Hoff-
man, 2001).

For the empirically motivated ρ = ρ0(r/r0)
−γ

model the mean enclosed mass is ρ(r) = 3(γ −
1)(2πG)−1σ2

0rγ−2
0 r−γ and the nominal virial radius is rvir =

((γ − 1)σ2
0rγ−2

0 t2/2π2)1/γ ! 1.8Mpc using γ = 2.2, r0 =
1Mpc, σ0 = 545 km/s and t ! 1/H = 1/(70 kms−1/Mpc)
and turnaround is at rt ! 8.7Mpc.

In the centres of clusters there may be softening of the
cores which would reduce the enclosed mass and would have
an associated outflow.

In any single cluster, the density may be changing
rapidly — on the local dynamical timescale — especially
during mergers and as clumps rain in, but for a compos-
ite cluster such as considered here these rapid changes will
average out and the mass can only change on a cosmologi-
cal timescale: Ṁ ∼ HM . For power law profile with γ ! 2
M ! 4πρr3 and Ṁ ! 4πρr2v, where v is the mean infall ve-
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Dynamical Analysis of a Composite Cluster

• General approach is to use velocity dispersion of stacked 
cluster to predict gravity

• then integrate g to get potential

• and potential gives redshift

• But this is a composite - not a single relaxed cluster

• so it does not obey Vlasov (aka CBE equation)

• But there is still continuity

• momentum cannot be accumulating at any radius

• so Euler equation is obeyed

• but gravity recovered is <g>galaxies

• this gives asphericity bias

• exploring via simulations (Cai et al. in progress)
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Extension to Larger Scales
• Gravitational redshift (+ kinematic effects) dominant on 

small scales

• infall/outflow effects are relatively small

• But at larger scales they become important

• dominant at low-z - at high-z all several similar terms

12 Nick Kaiser
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APPENDIX A: PREDICTING THE REDSHIFT

DISTRIBUTION

We have estimated above the effects on the mean redshift.
However, what is actually measured is not a simple centroid,
since there are foreground and background galaxies so what
WHH did was to fit the distribution of redshifts relative to
the BDG to a model with a background consisting of a linear
ramp and a cluster consisting of a double Gaussian. Given
a theoretical model for the PSD, either analytic or obtained
by stacking clusters found in a simulation, one would like to
generate the predicted distribution of redshifts as a function
of impact parameter. A convenient way to do this is to note
that the observed redshift z expressed as a recession velocity
is, as before, β′

x = −z = βx − β2
x/2 − β2

⊥/2 + Φ/c2, where
we have now separated β2 into line of sight and transverse
components. Thus dβ′

x = (1 − βx)dβx; i.e. the Jacobian of
the transformation from velocity β, with respect to the rest-
frame observers, to measured redshift β′ is 1−βx. Conserva-
tion of particles requires that the observed density of parti-
cles as a function of position, redshift and transverse velocity
ρ′(r, β′

x, β⊥) satisfies ρ′(r, β′
x, β⊥)dβ′

x = ρLC(r, βx, β⊥)dβx

so

ρ′(r, β′
x, β⊥) = ρRF (r, β′

x + β2
x/2 + β2

⊥/2−Φ/c2, β⊥) (A1)

i.e. the density of objects in position, radial and transverse
velocities is a mapping of the rest-frame PSD with a dis-
placement along the βx axis. Note that β2

⊥ here denotes the
sum of the squares of the two transverse velocity compo-
nents.

We can now expand the RHS as a Taylor series for small
displacement. We also want to evaluate this at t = x/c,
which we can also treat as a small displacement, resulting

in

ρ′(r, βx, β⊥) = ρ(r, βx, β⊥)

+ (β2
x/2 + β2

⊥/2 − Φ/c2)
∂ρ(r, βx, β⊥)

∂βx

+
x
c
ρ̇(r, βx, β⊥)

(A2)

where dot denotes partial derivative with respect to time,
and we have dropped the prime on βx. Integrating over the
transverse velocity components gives

ρ′(r, βx) = ρ(r, βx)

+ (β2
x/2 + 〈β2

⊥〉/2 − Φ/c2)
∂ρ(r, βx)

∂βx

+
x
c
ρ̇(r, βx).

(A3)

As a sanity check, if we ignore the last term, multiply by
βx, and integrate over space and velocity, assuming ρ to be
an even function of its arguments, we find δz = 〈−βx〉 =
〈β2

x〉 + 〈β2
x + β2

⊥〉/2 − Φ/c2 in accord with equation (5).
We could integrate this expression over line of sight dis-

tance to get the distribution function for the observed red-
shift as a function of the impact parameter, but that would
not properly allow for the fact that we observe in a cone, nor
would it incorporate the surface brightness boosting effects.
Both of these can be allowed for simply by multiplying the
first term on the RHS by the factors 1 + (3 + α(Z))δ(Z)βx

and 1 − 2Hx(δ(Z) − 1)/cZ. Linearising the result gives:

ρ′(r⊥, βx) = ρ(r⊥, βx) +

Z

dx {

(β2
x/2 + 〈β2

⊥〉/2 − Φ/c2)
∂ρ(r, βx)

∂βx

+ ((3 + α(Z))δ(Z)βx − 2Hx(δ(Z) − 1)/cZ)ρ(r, βx)

+
x
c
ρ̇(r, βx) } .

(A4)

This is valid for an individual cluster. If we average over
the population of clusters and denote averaged properties as
e.g. ρ =

R

dCP (C)ρ/
R

dCP (C) then we have

ρ′(r⊥, βx) = ρ(r⊥, βx) +

Z

dx {

β2
x

2

∂ρ(r, βx)

∂βx
+

∂
∂βx

(〈β2
⊥〉/2 − Φ/c2)ρ(r,βx)

+ ((3 + α(Z))δ(Z)βx − 2Hx(δ(Z) − 1)/cZ)ρ(r, βx)

+
x
c
ρ̇(r, βx) } .

(A5)

With an ensemble average cluster PSDF, along with the
average of this times 〈β2

⊥〉/2−Φ/c2 from e.g. a cosmological
simulation this expression, after integrating along the line-
of-sight, provides the predicted distribution function for the
observed redshifts which can then be analysed in precisely
the same way at the real data (e.g. finding the shift of the
velocity distribution by modelling) to obtain the predicted
redshift offset as a function of impact parameter. This would
also allow comparison of predicted and observed higher order
moments of the velocity distribution such as skewness and
kurtosis.
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What does it mean?
• Effect is very small - and hard to measure

• measuring 10km/s offset with 600km/s vel disp is impressive

• requires careful modeling of background & cluster in f(v)

• and predicting potential from kinematics is not trivial

• though rather sensitive to vel disp for BCGs

• but it probably is a real measurement of grav-z

• Effect does not rule out any sensible metric theory of gravity

• non-relativistic matter & grav-z determined only by h_tt

• It is really only a test of the equivalence principle

• But therefore does provide a test of theories that invoke long-
range non-gravitational forces in the “dark sector”

• e.g. Gradwohl & Frieman 1992; Farrar & Peebles 2004; 
Farrar & Rosen 2007; Keselman, Nusser & Peebles 2010; and 
many, many more....

• but such theories are already constrained by X-ray temp. vs 
galaxy motions in clusters
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Future prospects...

• Can expect immediate improvements in measurement

• 3x increase in number of redshifts available (BOSS)

• and more to come: big-BOSS, ASKAP-Wallaby+WNSHS

• Extension to larger scales?  (e.g. Croft arXiv:1304.4124)

• Tie in with peculiar velocities, grav lensing

• Lots of rich material in the front-back asymmetry of the galaxy 
correlation function.
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A strange incident in the history of 
physics (C. Moller, 1967) 

• 1905 - Einstein establishes SR

• By 1909, Planck, Einstein, Pauli all concluded that temperature of 
a moving body is T(rest frame) / gamma.

• Enshrined in text books (e.g. Tolman) and there it rested

• until ‘60s, when Ott (1963) and Arzelies (1965) turned it all 
around T = gamma * T(rest frame)

• much confusion ensued

• P.T. Landsberg (2 Nature articles, ’66, 67) “Does a moving 
body appear cool” (ans: no!)

• largely clarified by Kibble, ’66: Ott, Arzelies were right!

• issue reverberates to this day:

• Dunkel, Haenggi, & Hilbert 2009 - light-cone effect
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ABOUT THE TEMPERATURE OF MOVING BODIES 7

Doppler red shift

Planck! Einstein

Blanusa!Ott

Landsberg

Doppler blue shift

!1.0 !0.5 0.0 0.5 1.0
0.0

0.5

1.0

1.5

2.0

w2

T 1
!T
2

Figure 1. Ratio of the temperatures of the observed body in its
rest frame, T2 to that shown by an ideal thermometer, T1 as a
function of the the speed of the heat current in the body, w2 while
approaching with the relative velocity v = −0.6.

v"!0.6

u1

u2

w1 w2

g1
g2

Figure 2. The space-time figure for the Planck-Einstein rule of
two thermodynamic bodies in equilibrium. There is no energy
current in the observed body (wa

2 = 0), therefore the ua
2 four-

velocity (solid arrow) is parallel to the vectors (ga1 , g
a
2 ). The ratio

of the temperatures is T1/T2 < 1.

5. Summary

We investigated the possible derivation of basic thermodynamical laws for ho-
mogeneous bodies from relativistic hydrodynamics. The dependence of entropy
on internal energy is replaced by a dependence on the energy-momentum four-
vector, Ea. As a novelty a relativistic heat four-vector has been formulated. For
the traditional, energy exchange related temperature, T , a universal transforma-
tion formula is obtained. For a general observer four velocities are involved in the
equilibrium condition of two thermodynamic bodies in equilibrium. One of them
can be eliminated by choosing the observing frame, the physical relation depends
only on the relative velocity. Another condition connects the internal heat currents
in the bodies in thermal contact. So there remains two velocity like parameters
to describe thermal equilibrium: the energy current speed (the velocity related to
the integrated internal heat current density) in one of the bodies and their relative

Biro & Van 2010
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Figure 1 Velocity distributions of galaxies combined from 7, 800 SDSS galaxy clusters. The line-
of-sight velocity (vlos) distributions are plotted in four bins of the projected cluster-centric distances
R. They are sorted from the top to bottom according to the order of radial bins indicated in the
upper left corner and offset vertically by an arbitrary amount for presentation purposes. Red lines
present the histograms of the observed galaxy velocities in the cluster rest frame and black solid
lines show the best fitting models. The model assumes a linear contribution from the galaxies
which do not belong to the cluster and a quasi-Gaussian contribution from the cluster members
(see SI for more details). The cluster rest frames and centres are defined by the redshifts and the
positions of the brightest cluster galaxies. The error bars represent Poisson noise.
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Gravitational Redshifts in Clusters 3

Figure 1. Spectral index vs. redshift for representative galaxy
types observed in Sloan r-band

luminosity function does not, and the parameters are not
very different from the field galaxy luminosity function, so
we will use the latter, as determined by Montero-Dorta &
Prada (2009), as a proxy. Their estimate of the LF obtained
from the r-band magnitudes K-corrected to Z = 0.1 has
M∗ − 5 log10 h = −20.7 and faint end slope of α = −1.26.
The resulting d ln n(> L)/d ln L, computed using the flux
limit r = 17.77 appropriate for the SDSS spectroscopic sam-
ple used by WHH, is shown as the dot-dash curve in figure
2.

Finally, we would like to compute the average of (3 +
α)d ln n(> L)/d ln L over the galaxies used. The 7,800 clus-
ters used by WHH were selected by applying a richness
limit to the parent GMBCG catalog (Hao, J., et al. 2010)
that contains 55,000 clusters extending to Z = 0.55. These
clusters were derived from the SDSS photometric catalog
that is much deeper than the spectroscopic catalog. Con-
sequently, at the low redshifts where the spectroscopically
selected galaxies live, this parent catalog is essentially vol-
ume limited for the clusters used, so the redshift distribu-
tion for the cluster members used is essentially the same
as that for the redshift distribution for the entire spec-
troscopic sample, save for the fact that the GMBCG cat-
alog has a lower redshift limit Zlim = 0.1, which is very
close to the redshift where dN/dZ = Z2n(Z) peaks. This is
the bell shaped curve in figure 2. Combining these we find
〈d ln n/d ln L〉 =

R

dZ Z2n(Z)d ln n/d ln L/
R

dZ Z2n(Z) $
2.0 with integration range 0.1 < Z < 0.4, and the average
〈(3 + α(Z))d ln n(> L)/d ln L〉 $ 10. This may be a slight
overestimate, as the cluster catalogue is not precisely vol-
ume limited and the actual dN/dZ may lie a little below the
solid curve in figure 2 at the highest redshifts.

With this value, the surface brightness modulation ef-
fect is roughly a factor 10 larger in amplitude than the light-
cone effect, but has opposite sign. For isotropic orbits the
combination of these gives a blue-shift 6 times as large as
the TD effect so the overall effect is therefore similar in am-
plitude to the TD effect but with opposite sign, so it causes
the total observed effect to be larger than the gravitational
effect alone rather than smaller.

Figure 2. The dot-dash curve is the logarithmic derivative of
the comoving density of objects above the luminosity limit as a
function of redshift. The bell-shaped curve is dN/dZ = Z2n(Z)
and the solid curve is that truncated at the minimum redshift
imposed by the parent cluster catalogue. The mean of the log-
derivative, averaged over the redshift distribution turns out to be
! 2.0.

4 EFFECT OF SECULAR INFALL

The discussion so far has focused mostly on the stable, viri-
alised regions. Clusters, however, are evolving structures and
the mass within a fixed physical radius M(< r) will in gen-
eral be changing. In the outer parts of clusters there will
be infall and the mass will be increasing with time. In the
centres of clusters there may be softening of the cores in
which would reduce the mass and would have an associated
outflow.

The combination of infall and the associated Ṁ will re-
sult in a positive offset of the mean line of sight velocity
since the density will be slightly higher in front of the clus-
ter where we see the galaxies later and these galaxies will
be moving against us. There is also a potentially larger ef-
fect from the fact that along any line of sight we observe
galaxies that lie in a cone that will be wider at the back
of the cluster, and at the same order, we need to allow for
the bias caused by the fact that the more distant galaxies
will be fainter. These geometric and flux limit effects, whose
effects on the foreground and background galaxies was dis-
cussed by Kim and Croft (2004), will cause a back/front
anisotropy in the number of galaxies within the clusters
∆N/N ∼ 2H∆r(1− δ(Z))/cz while the change in the phys-
ical density with time caused by the infall will cause an
asymmetry ∆N/N ∼ (r/c)(Ṁ/M) ∼ Hr/c, where we have
assumed that the mass within radius r for the ensemble av-
erage cluster is changing on a cosmological timescale. Evi-
dently, for low redshift clusters, the geometric and flux limit
effects will tend to be the largers.

To order of magnitude, the mean offset induced is
〈βz〉 ∼ H2r2/c2z. The gravitational potential, for compar-
ison, is Φ/c2 ∼ (δρ/ρ)H2r2/c2 where δρ/ρ $ 200 at the
virial radius. Thus, within the virialized region, this geo-
metric term is small compared to the gravitational redshift,
but further out at the turnaround radius where δρ/ρ ∼ 5,
this is a substantial correction.
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Supplementary Figure 2 Velocity dispersion profile of the composite cluster (left panel) and
constraints on the concentration parameter cv and the logarithmic slope of the mass distribution
α (right panel) from fitting the velocity dispersion profile with an isotropic (blue) or anisotropic
(red) model of galaxy orbits. The solid lines in the left panel show the best-fitting profiles of the
velocity dispersion profile. The contours in the right panel are the boundaries of the 1σ and 2σ
confidence regions of the likelihood function. The error bars in the left panel represent the range
containing 68 per cent of the marginal probability.
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