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the Universe  
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Two Nobel prizes  (2006 and 2011) 

ΛCDM: the standard model of 
cosmology 

Why is this the standard model; 
why it is incomplete and what next?  

• cold dark matter 

• cosmological constant 
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The CDM model is intrinsically implausible: it requires 
the universe to be dominated by two unknown 

constituents: CDM and dark energy.  

The cold dark matter cosmogony 

25% 70% 

5 % 
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25% 70% 

5 % 

The cold dark matter cosmogony 

How did it come to this? 



Dark matter 

Cosmic inflation  
à initial conditions 

Two revolutionary ideas were 
proposed around 1980  



The ΛCDM model  

 Cosmic inflation:  universe started off in unstable state (constant 
vacuum energy) à expands exponentially fast for a short time 

 ⇒ Flat geometry:  Ω = 1

€ 

Ω =
ρ
ρcrit

ρ  = ρmass  + ρrel +  ρvac



Inflation theory predicts: early universe seeded by tiny 
fluctuations in mass distribution due to quantum fluctuations 

t=10-35 s 

Observable universe 

|δk|2  ∝ k; Gaussian amplitudes 

The ΛCDM model  
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The dark matter power spectrum 

Log k [h Mpc-1] 

The linear power spectrum (“power per octave” ) 
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Non-baryonic dark matter 
candidates  

hot neutrino a few eV 

warm 
 sterile neutrino  
majoron; KeVin 

keV-MeV 

cold 
   axion 
neutralino 

10-5eV - 100 GeV 

     Type              example                    mass 
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The dark matter power spectrum 

Free streaming à 

  λcut  α mx
-1              

for thermal relic 

  mCDM ~ 100GeV 
susy; Mcut ~ 10-6 Mo  

 mWDM ~ few keV  
sterile ν; Mcut~109 Mo 

  mHDM ~ few eV     
light ν; Mcut~1016 Mo  

 

The linear power spectrum (“power per octave” ) 
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For the first time in Cosmology à a well-
defined theory of the initial conditions for 

the formation of cosmic structure 
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t=10-35 seconds  

The formation of cosmic structure 

Supercomputer simulations are the 
best technique for calculating how 
small primordial perturbations grow 

into galaxies today 

Simulations 

“Cosmology machine” 

t=380,000 yrs  
δρ/ρ ∼10-5

t=13.8 billion yrs  
δρ/ρ ∼1-106
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t=10-35 seconds  

The formation of cosmic structure 

Supercomputer simulations are the 
best technique for calculating how 
small primordial perturbations grow 

into galaxies today 

Simulations 
t=380,000 yrs  
δρ/ρ ∼10-5

t=13.8 billion yrs  
δρ/ρ ∼1-106
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Non-baryonic dark matter 
candidates  

hot neutrino a few eV 

warm    Sterile          
neutrino  keV-MeV 

cold 
   axion 
neutralino 

10-5eV-
>100 GeV 

     Type            candidate        mass 
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*HAS THE NEUTRINO A NON-ZERO REST MASS?
(Tritium a-Spectrum

In real life things are more complicated. The apparatus reso-
lution R(E,E') strongly affects the spectrum endpoint and rather
weakly affects the spectrum slope.

V. Lubimov, E. Novikov, V. Nozik, E. Tretyakov
Institute for Theoretical and Experimental Physics, Moscow, U.S.S.R.

ABSTRACT
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Fig. 3. Realistic Kurie plot.

Eo can still be obtained by extrapolation. However, we are unable
to get E

k.
If Mv > R, then once again the lack of counts near the

endpoint would indicate that O. If Mv S R, the changes due to
non-zero mass and the influence of R are indistinguishable. For M
determination the knowledge of R is compulsory. The background
termines the statistical accuracy near the endpoint, i.e., in the
region of the highest sensitivity to the v mass. So: 1) R s20ul d
be K), 2) the smaller Mv is, the smaller jhe background
must be and the higher the statistics ) must be. For example,
suppose that for = 100 eV we need resolution R, background Q, and
statistics s. If Mv = 30 eV, to achieve the same they should
be R/3, QjlO, and N x 3D, respectively.

The shorter the B-spectrum, the less it is spread due to R (as
R a const.). A classical example is 3H B-decay, which has
1) the smallest E 18.6 keY, 2) an allowed B-transition. simple
nucleus, and simpYe theoretical interpretation, 3) highly reduced
radioactivity. The first experiments with 3H were by S. Curran
et al. (1948) and G. Hanna, B. Pontecorvo (1949). Using 3H gas in
a proportional counter, they obtained s 1 keY. Further progress
required magnetic spectrometer development. This allowed the reso-
lution to be improved considerably, and L. Langer and R. Moffat
(1952) obtained s 250 eV. The best value was obtained by
K. Bergkvist (197Z): R 50 eV and 55 eV.

The ITEP spectrometer is of a new type: ironless, with toroi-
dal magnetic field (E. Tretyakov, 1973). The principle of the tor-
oidal magnetic field focusing systems was proposed by V. Vladimirsky
et at . (An example is a "Horn" of v-beams.) It turns out that a
rectilinear conductor (current) has a focusing ability for particles
emitted perpendicular to the rotation axis. This system has infinim
periodical focusing structure. The ITEP spectrometer is based on
this principle.
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Fig. 2. Kurie plot for M,) O.

EK-EO

Fig. 1. Kurie plot for Mv =O.

tp.JS

*Paper presented by Oleg Egorov.

V. 1C0sik
Institute of Molecular Genetics, Moscow, U.S.S.R.

The method for the neutrino mass measurement is to obtain Eo from
the extrapolation and obtain from the spectrum intercept. Then
:4v a E _ Ek' Qualitatively, Mv 0 if the B-spectrum near the end-
point below the extrapolated curve.

Fifty years ago Pauli introduced the neutrino to explain the
:-spectrum shape. Pauli made the first estimate of the neutrino
mass (E

3
max =nuclei mass defect): it should be very small or

maybe zero. Up to now the study of the a-spectrum shape is the
!nost sensitive, direct method of neutrino mass measurement.

For allowed a-transitions, if My a 0, then S = (E_EQ)2. The
Kurie plot is then a straight line wlth the only kinematlc parameter
being E

k
= Eo (total B-transition energy). If 0, then

S = The Kurie plot is then distorted, especially
near the endpoint.

The high energy part of the a-spectrum of tritium in the valine
molecule was measured with high precision by a toroidal a-spectro-
meter. The results give evidence for a non-zero electron anti-
neutrino mass.

b _

1981 
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“Poisson” models (n=0) 

“Pancake” models (neutrinos) 

CfA redshift survey  
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Neutrino (hot) dark matter 

Frenk, White & Davis ‘83 

CfA redshift 
survey 

Ων=1 (mν = 30 ev)

Zf=0.5 Zf=2.5 

Free-streaming 
length so large that 
superclusters form 

first and galaxies are 
too young 

Neutrinos cannot 
make an appreciable 
contribution to Ω and 

mν<< 10 ev 
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Non-baryonic dark matter 
candidates  

hot neutrino a few eV 

warm       sterile ν          keV-MeV 

cold 
   axion 
neutralino 

10-5eV-
>100 GeV 

     Type              example          mass 
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The cold dark matter cosmogony 

Peebles ‘82 

Davis, Efstathiou, Frenk & White 1985 

Bardeen, Bond, Kaiser & Szalay 1986 
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The `Gang of Four’  - 1983 
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Non-baryonic dark matter 
cosmologies 

In CDM structure 
forms hierarchically 

Early CDM N-body 
simulations gave 
promising results 

Davis, Efstathiou, 
Frenk & White ‘85 

HDM 
Ω=1 CfA redshift 

survey 

ΛCDM 
Ω=0.2 

Neutrinos 
Ω=1 

Davis, Efstathiou, 
Frenk & White ‘85 

Neutrino DM à  
unrealistic clust’ing 

Neutrinos cannot 
make appreciable 
contribution to Ω 
à mν<< 10 ev 

Frenk, White 
& Davis ‘83 
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Non-baryonic dark matter 
cosmologies 

Davis, Efstathiou, 
Frenk & White ‘85 

HDM 
Ω=1 CfA redshift 

survey 

ΛCDM 
Ω=0.2 

Davis, Efstathiou, 
Frenk & White ‘85 

Frenk, White 
& Davis ‘83 

Λ was 
inconceivable in 

1985 
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Davis, Efstathiou, 
Frenk & White ‘85 

HDM 
Ω=1 CfA redshift 

survey 

ΛCDM 
Ω=0.2 

Davis, Efstathiou, 
Frenk & White ‘85 

CDM  
Ω=1 How can we make 

Ω=1 give 
acceptable 
clustering? 

Λ was 
inconceivable in 

1985 

Frenk, White 
& Davis ‘83 

Non-baryonic dark matter 
cosmologies 
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Ω = 1 CDM 

If galaxies trace mass, right clustering à too large pec. velocities!  

DEFW ‘85 

Dark matter 

“Biased galaxy formation” 
(after Kaiser ’84) 
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Biased galaxy formation 
… or how to rescue Ω=1 ! DEFW ‘85 

Dark matter Galaxies 

Gals->	
 peaks 
of density 

field 



1982 – 1990: the glory days of 
Ωmatter = 1 (à “standard CDM” )  
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White, Frenk, Davis, Efstathiou ‘87 

SCDM compared to CfA-2 z-survey 
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• Balatonfured: East meets West  
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(15-19) /June/1987 
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 by Vera Rich 
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CDM rules 1987 
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1990:  Ω = 1 CDM under strain 

Possible solution: lower Ωmatter  and add Λ to CDM (to have 
Ωtot =1, as required by inflation (Efstathiou et al ‘91) 

Angular 2-pt correlation function 

Maddox, Efstathiou, 
Sutherland & Loveday ‘90 

Too much “power on 
large scales” 
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Nature 1992 

DEFW ‘92 
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Angular 2-pt correlation function 

DEFW ‘92 
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The end of standard (Ωmatter =1) CDM  
… or why Ωmatter  cannot be 1 
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X-ray emission from hot plasma in clusters 

X-rays  ⇒ gas mass 

Photometry  ⇒ stellar mass 
Gas in hydrostatic equilibrium so X-rays  

 (or lensing) ⇒ total gravitating mass 

Perseus (z=0.0183) 
A2052 (z=0.0348) 

Images from David Buote 

About 90% of  baryons in clusters are in hot gas   

1' (z=0.054)Hydra A 

Galaxy clusters 

⇒  Baryon fraction, fb 
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Ω from the baryon fraction in clusters 

where  γ=1 if fb has the universal value 

White, Navarro, 
Evrard & Frenk 

Nature 1993  

X-rays+lensing à  fb = (0.060h-3/2 +0.009) ±10% 

BBNS, CMB     à  Ωbh2 = 0.019 ± 20% 
HST             à  h = 0.7 ±10% 

simulations       à  γ = 0.9 ±10% 

€ 

Ωm =
Ωbγ
fb

= 0.31± 0.12
Allen etal ‘04 

baryon fraction in clusters  ≈  baryon fraction of universe 

fb =
Mb

Mtot

= γ
Ωb

Ωm
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(Some) evidence for dark energy 
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Evidence for Λ from high-z 
supernovae 

SN type Ia (standard candles) at 
z~0.5 are fainter than expected even 

if the Universe were empty 

è Cosmic expansion must have been 
accelerating since the light was emitted 

a/a0=1/(1+z)  

flu
x 

Perlmutter et al ’98; Reiss et al ‘98 

Ωm ΩΛ

Schmidt  et al ‘98 
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Evidence for Λ from high-z 
supernovae 

SN type Ia (standard candles) at 
z~0.5 are fainter than expected even 

if the Universe were empty 

Perlmutter et al ’98; Reiss et al ‘98 
Schmidt  et al ‘98 

è Cosmic expansion must have been 
accelerating since the light was emitted 
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Clocchiatti et al ‘06 

Later data ruled out ΩΛ = 0.  

Evidence for Λ from high-z 
supernovae 
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Friedmann equations 

ρtot  = ρmass  + ρrel +  ρvac

a-3 a-4 const? 

€ 

..

a = −
4π
3
Gρa(3w +1)

€ 

p = wρc 2where 

€ 

c 2a dρ
da

= −3( p + ρc 2)

†  If ρ =  ρ vac = const  , d ρ 

da 
= 0 ⇒ p = - ρ c 

2 w = - 1 ⇒ 
cosmological constant 

⇒  dark energy [ρvac  = ρvac (x,z)] 
€ 

⇒ ˙ ̇ a > 0 ⇒  3w +1< 0expansion accelerates 
3
1

−<w⇒  
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Non-baryonic dark matter 
cosmologies 

Davis, Efstathiou, 
Frenk & White ‘85 

HDM 
Ω=1 

CfA redshift 
survey 

In CDM 
structure forms 
hierarchically 

Early CDM        
N-body 

simulations gave 
promising results 

Neutrino dark 
matter produces  

unrealistic 
clustering 

Neutrinos 
Ω=1 

CDM 
Ω=1 

Davis, Efstathiou, 
Frenk & White 
‘85 

Davis, Efstathiou, 
Frenk & White ‘85 

HDM 
Ω=1 CfA redshift 

survey 

Neutrinos 
Ω=1 

CDM 
Ω=1 

Davis, Efstathiou, 
Frenk & White ‘85 

CfA redshift 
survey 
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Non-baryonic dark matter 
cosmologies 

Davis, Efstathiou, 
Frenk & White ‘85 

HDM 
Ω=1 

CfA redshift 
survey 

In CDM 
structure forms 
hierarchically 

Early CDM        
N-body 

simulations gave 
promising results 

Neutrino dark 
matter produces  

unrealistic 
clustering 

Neutrinos 
Ω=1 

CDM 
Ω=1 

Davis, Efstathiou, 
Frenk & White 
‘85 

Davis, Efstathiou, 
Frenk & White ‘85 

HDM 
Ω=1 CfA redshift 

survey 

ΛCDM 
Ω=0.2 

Neutrinos 
Ω=1 

Davis, Efstathiou, 
Frenk & White 
‘85 
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Ωm = 1  
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Ωm = 1  Ωm = 0.25 
ΩΛ = 0.75  
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The cosmic dark energy 

10120 larger than observed !!!  

•  Most inaccurate prediction in physics ever 
•  Requires new physics! 

Current physics predicts a “natural” value for the 
cosmological constant (Planck value) 

ρΛ
PL ~ MPL

4 ~ (8πG)−2 ~ (1018GeV )4 ~ 2×10130erg / cm3

€ 

ρΛ
obs ~ (10−12GeV )4 ~ 2 ×1010erg /cm3



5 % 

25% 70% 

… but makes definite predictions and is therefore testable 

  ΛCDM is an a priori 
implausible model  



The cosmic microwave 
background is emitted 

The temperature of the 
CMB should show 
small irregularities  
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Temperature anisotropies in CMB  
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Peebles & Yu ‘70   

Sunyaev & Zel’dovich ‘70   



University of Durham 

Institute for Computational Cosmology 

Temperature anisotropies in CMB  

For CDM: Peebles ’82; Bond &Efstathiou ‘84  

Large scales Small scales 

coherent oscillations 
of γ – baryon fluid 

2D
 p

ow
er

 s
pe

ct
ru
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Peebles & Yu ‘70 Sunyev & Zel’dovich ‘70 
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The CMB 

1992 

George Smoot - Nobel Prize 2006 
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The CMB 

1992 

2003 
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The CMB 

1992 

2012 

Planck 
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Fluctuation amplitude 

Planck: CMB temperature anisotropies 

The data confirm 
the theoretical 

predictions 

Planck  coll. 2015 



PS depends on 
cosmological 

parameters, e.g. 
position of 1st peak 

à curvature  

Wayne Hu   
http://background.uchicago.edu/~whu/intermediate/intermediate.html 
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Fluctuation amplitude 

Planck: CMB temperature anisotropies 

The data confirm 
the theoretical 

predictions 

Planck  coll. 2015 
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Planck Collaboration: Cosmological parameters

Planck+WP Planck+WP+highL Planck+lensing+WP+highL Planck+WP+highL+BAO

Parameter Best fit 68% limits Best fit 68% limits Best fit 68% limits Best fit 68% limits

⇤bh2 . . . . . . . . . . 0.022032 0.02205 ± 0.00028 0.022069 0.02207 ± 0.00027 0.022199 0.02218 ± 0.00026 0.022161 0.02214 ± 0.00024

⇤ch2 . . . . . . . . . . 0.12038 0.1199 ± 0.0027 0.12025 0.1198 ± 0.0026 0.11847 0.1186 ± 0.0022 0.11889 0.1187 ± 0.0017

100⇥MC . . . . . . . . 1.04119 1.04131 ± 0.00063 1.04130 1.04132 ± 0.00063 1.04146 1.04144 ± 0.00061 1.04148 1.04147 ± 0.00056

⇧ . . . . . . . . . . . . 0.0925 0.089+0.012
�0.014 0.0927 0.091+0.013

�0.014 0.0943 0.090+0.013
�0.014 0.0952 0.092 ± 0.013

ns . . . . . . . . . . . 0.9619 0.9603 ± 0.0073 0.9582 0.9585 ± 0.0070 0.9624 0.9614 ± 0.0063 0.9611 0.9608 ± 0.0054

ln(1010As) . . . . . . . 3.0980 3.089+0.024
�0.027 3.0959 3.090 ± 0.025 3.0947 3.087 ± 0.024 3.0973 3.091 ± 0.025

APS
100 . . . . . . . . . . 152 171 ± 60 209 212 ± 50 204 213 ± 50 204 212 ± 50

APS
143 . . . . . . . . . . 63.3 54 ± 10 72.6 73 ± 8 72.2 72 ± 8 71.8 72.4 ± 8.0

APS
217 . . . . . . . . . . 117.0 107+20

�10 59.5 59 ± 10 60.2 58 ± 10 59.4 59 ± 10

ACIB
143 . . . . . . . . . . 0.0 < 10.7 3.57 3.24 ± 0.83 3.25 3.24 ± 0.83 3.30 3.25 ± 0.83

ACIB
217 . . . . . . . . . . 27.2 29+6

�9 53.9 49.6 ± 5.0 52.3 50.0 ± 4.9 53.0 49.7 ± 5.0

AtSZ
143 . . . . . . . . . . 6.80 . . . 5.17 2.54+1.1

�1.9 4.64 2.51+1.2
�1.8 4.86 2.54+1.2

�1.8

rPS
143⇥217 . . . . . . . . 0.916 > 0.850 0.825 0.823+0.069

�0.077 0.814 0.825 ± 0.071 0.824 0.823 ± 0.070

rCIB
143⇥217 . . . . . . . . 0.406 0.42 ± 0.22 1.0000 > 0.930 1.0000 > 0.928 1.0000 > 0.930

�CIB . . . . . . . . . . 0.601 0.53+0.13
�0.12 0.674 0.638 ± 0.081 0.656 0.643 ± 0.080 0.667 0.639 ± 0.081

⇤tSZ⇥CIB . . . . . . . . 0.03 . . . 0.000 < 0.409 0.000 < 0.389 0.000 < 0.410

AkSZ . . . . . . . . . . 0.9 . . . 0.89 5.34+2.8
�1.9 1.14 4.74+2.6

�2.1 1.58 5.34+2.8
�2.0

⇤⇥ . . . . . . . . . . . 0.6817 0.685+0.018
�0.016 0.6830 0.685+0.017

�0.016 0.6939 0.693 ± 0.013 0.6914 0.692 ± 0.010

⌅8 . . . . . . . . . . . 0.8347 0.829 ± 0.012 0.8322 0.828 ± 0.012 0.8271 0.8233 ± 0.0097 0.8288 0.826 ± 0.012

zre . . . . . . . . . . . 11.37 11.1 ± 1.1 11.38 11.1 ± 1.1 11.42 11.1 ± 1.1 11.52 11.3 ± 1.1

H0 . . . . . . . . . . . 67.04 67.3 ± 1.2 67.15 67.3 ± 1.2 67.94 67.9 ± 1.0 67.77 67.80 ± 0.77

Age/Gyr . . . . . . . 13.8242 13.817 ± 0.048 13.8170 13.813 ± 0.047 13.7914 13.794 ± 0.044 13.7965 13.798 ± 0.037

100⇥⇤ . . . . . . . . . 1.04136 1.04147 ± 0.00062 1.04146 1.04148 ± 0.00062 1.04161 1.04159 ± 0.00060 1.04163 1.04162 ± 0.00056

rdrag . . . . . . . . . . 147.36 147.49 ± 0.59 147.35 147.47 ± 0.59 147.68 147.67 ± 0.50 147.611 147.68 ± 0.45

Table 5. Best-fit values and 68% confidence limits for the base ⇥CDM model. Beam and calibration parameters, and addi-
tional nuisance parameters for “highL” data sets are not listed for brevity but may be found in the Explanatory Supplement
(Planck Collaboration ES 2013).

strongly degenerate with the Poisson point source ampli-
tude at 100 GHz. This degeneracy is broken when the high-
resolution CMB data are added to Planck.

The last two points are demonstrated clearly in Fig. 7, which
shows the residuals of the Planck spectra with respect to the
best-fit cosmology for the Planck+WP analysis compared to the
Planck+WP+highL fits. The addition of high-resolution CMB
data also strongly constrains the net contribution from the kSZ
and tSZ⇥CIB components (dotted lines), though these compo-
nents are degenerate with each other (and tend to cancel).

Although the foreground parameters for the Planck+WP fits
can di⌅er substantially from those for Planck+WP+highL, the
total foreground spectra are rather insensitive to the addition of
the high-resolution CMB data. For example, for the 217 ⇥ 217
spectrum, the di⌅erences in the total foreground solution are less
than 10 µK2 at ⌥ = 2500. The net residuals after subtracting both
the foregrounds and CMB spectrum (shown in the lower panels
of each sub-plot in Fig. 7) are similarly insensitive to the addi-
tion of the high-resolution CMB data. The foreground model is
su⇧ciently complex that it has a high “absorptive capacity” to
any smoothly-varying frequency-dependent di⌅erences between
spectra (including beam errors).

Table 6. Goodness-of-fit tests for the Planck spectra. The �⌃2 =
⌃2 � N⌥ is the di⌅erence from the mean assuming the model is
correct, and the last column expresses �⌃2 in units of the disper-
sion

⇧
2N⌥.

Spectrum ⌥min ⌥max ⌃2 ⌃2/N⌥ �⌃2/
⇧

2N⌥

100 ⇥ 100 50 1200 1158 1.01 0.14
143 ⇥ 143 50 2000 1883 0.97 �1.09
217 ⇥ 217 500 2500 2079 1.04 1.23
143 ⇥ 217 500 2500 1930 0.96 �1.13

All 50 2500 2564 1.05 1.62

To quantify the consistency of the model fits shown in Fig. 7
for Planck we compute the ⌃2 statistic

⌃2 =
�

⌥⌥⌅
(Cdata
⌥ �CCMB

⌥ �Cfg
⌥ )M�1

⌥⌥⌅ (C
data
⌥⌅ �CCMB

⌥⌅ �Cfg
⌥⌅ ), (33)

for each of the spectra, where the sums extend over the mul-
tipole ranges ⌥min and ⌥max used in the likelihood, M⌥⌥⌅ is
the covariance matrix for the spectrum Cdata

⌥ (including cor-
rections for beam eigenmodes and calibrations), CCMB

⌥ is the
best-fit primordial CMB spectrum and Cfg

⌥ is the best-fit fore-
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Planck+WP Planck+WP+highL Planck+lensing+WP+highL Planck+WP+highL+BAO

Parameter Best fit 68% limits Best fit 68% limits Best fit 68% limits Best fit 68% limits

⇤bh2 . . . . . . . . . . 0.022032 0.02205 ± 0.00028 0.022069 0.02207 ± 0.00027 0.022199 0.02218 ± 0.00026 0.022161 0.02214 ± 0.00024

⇤ch2 . . . . . . . . . . 0.12038 0.1199 ± 0.0027 0.12025 0.1198 ± 0.0026 0.11847 0.1186 ± 0.0022 0.11889 0.1187 ± 0.0017

100⇥MC . . . . . . . . 1.04119 1.04131 ± 0.00063 1.04130 1.04132 ± 0.00063 1.04146 1.04144 ± 0.00061 1.04148 1.04147 ± 0.00056

⇧ . . . . . . . . . . . . 0.0925 0.089+0.012
�0.014 0.0927 0.091+0.013

�0.014 0.0943 0.090+0.013
�0.014 0.0952 0.092 ± 0.013

ns . . . . . . . . . . . 0.9619 0.9603 ± 0.0073 0.9582 0.9585 ± 0.0070 0.9624 0.9614 ± 0.0063 0.9611 0.9608 ± 0.0054

ln(1010As) . . . . . . . 3.0980 3.089+0.024
�0.027 3.0959 3.090 ± 0.025 3.0947 3.087 ± 0.024 3.0973 3.091 ± 0.025

APS
100 . . . . . . . . . . 152 171 ± 60 209 212 ± 50 204 213 ± 50 204 212 ± 50

APS
143 . . . . . . . . . . 63.3 54 ± 10 72.6 73 ± 8 72.2 72 ± 8 71.8 72.4 ± 8.0

APS
217 . . . . . . . . . . 117.0 107+20

�10 59.5 59 ± 10 60.2 58 ± 10 59.4 59 ± 10

ACIB
143 . . . . . . . . . . 0.0 < 10.7 3.57 3.24 ± 0.83 3.25 3.24 ± 0.83 3.30 3.25 ± 0.83

ACIB
217 . . . . . . . . . . 27.2 29+6

�9 53.9 49.6 ± 5.0 52.3 50.0 ± 4.9 53.0 49.7 ± 5.0

AtSZ
143 . . . . . . . . . . 6.80 . . . 5.17 2.54+1.1

�1.9 4.64 2.51+1.2
�1.8 4.86 2.54+1.2

�1.8

rPS
143⇥217 . . . . . . . . 0.916 > 0.850 0.825 0.823+0.069

�0.077 0.814 0.825 ± 0.071 0.824 0.823 ± 0.070

rCIB
143⇥217 . . . . . . . . 0.406 0.42 ± 0.22 1.0000 > 0.930 1.0000 > 0.928 1.0000 > 0.930

�CIB . . . . . . . . . . 0.601 0.53+0.13
�0.12 0.674 0.638 ± 0.081 0.656 0.643 ± 0.080 0.667 0.639 ± 0.081

⇤tSZ⇥CIB . . . . . . . . 0.03 . . . 0.000 < 0.409 0.000 < 0.389 0.000 < 0.410

AkSZ . . . . . . . . . . 0.9 . . . 0.89 5.34+2.8
�1.9 1.14 4.74+2.6

�2.1 1.58 5.34+2.8
�2.0

⇤⇥ . . . . . . . . . . . 0.6817 0.685+0.018
�0.016 0.6830 0.685+0.017

�0.016 0.6939 0.693 ± 0.013 0.6914 0.692 ± 0.010

⌅8 . . . . . . . . . . . 0.8347 0.829 ± 0.012 0.8322 0.828 ± 0.012 0.8271 0.8233 ± 0.0097 0.8288 0.826 ± 0.012

zre . . . . . . . . . . . 11.37 11.1 ± 1.1 11.38 11.1 ± 1.1 11.42 11.1 ± 1.1 11.52 11.3 ± 1.1

H0 . . . . . . . . . . . 67.04 67.3 ± 1.2 67.15 67.3 ± 1.2 67.94 67.9 ± 1.0 67.77 67.80 ± 0.77

Age/Gyr . . . . . . . 13.8242 13.817 ± 0.048 13.8170 13.813 ± 0.047 13.7914 13.794 ± 0.044 13.7965 13.798 ± 0.037

100⇥⇤ . . . . . . . . . 1.04136 1.04147 ± 0.00062 1.04146 1.04148 ± 0.00062 1.04161 1.04159 ± 0.00060 1.04163 1.04162 ± 0.00056

rdrag . . . . . . . . . . 147.36 147.49 ± 0.59 147.35 147.47 ± 0.59 147.68 147.67 ± 0.50 147.611 147.68 ± 0.45

Table 5. Best-fit values and 68% confidence limits for the base ⇥CDM model. Beam and calibration parameters, and addi-
tional nuisance parameters for “highL” data sets are not listed for brevity but may be found in the Explanatory Supplement
(Planck Collaboration ES 2013).

strongly degenerate with the Poisson point source ampli-
tude at 100 GHz. This degeneracy is broken when the high-
resolution CMB data are added to Planck.

The last two points are demonstrated clearly in Fig. 7, which
shows the residuals of the Planck spectra with respect to the
best-fit cosmology for the Planck+WP analysis compared to the
Planck+WP+highL fits. The addition of high-resolution CMB
data also strongly constrains the net contribution from the kSZ
and tSZ⇥CIB components (dotted lines), though these compo-
nents are degenerate with each other (and tend to cancel).

Although the foreground parameters for the Planck+WP fits
can di⌅er substantially from those for Planck+WP+highL, the
total foreground spectra are rather insensitive to the addition of
the high-resolution CMB data. For example, for the 217 ⇥ 217
spectrum, the di⌅erences in the total foreground solution are less
than 10 µK2 at ⌥ = 2500. The net residuals after subtracting both
the foregrounds and CMB spectrum (shown in the lower panels
of each sub-plot in Fig. 7) are similarly insensitive to the addi-
tion of the high-resolution CMB data. The foreground model is
su⇧ciently complex that it has a high “absorptive capacity” to
any smoothly-varying frequency-dependent di⌅erences between
spectra (including beam errors).

Table 6. Goodness-of-fit tests for the Planck spectra. The �⌃2 =
⌃2 � N⌥ is the di⌅erence from the mean assuming the model is
correct, and the last column expresses �⌃2 in units of the disper-
sion

⇧
2N⌥.

Spectrum ⌥min ⌥max ⌃2 ⌃2/N⌥ �⌃2/
⇧

2N⌥

100 ⇥ 100 50 1200 1158 1.01 0.14
143 ⇥ 143 50 2000 1883 0.97 �1.09
217 ⇥ 217 500 2500 2079 1.04 1.23
143 ⇥ 217 500 2500 1930 0.96 �1.13

All 50 2500 2564 1.05 1.62

To quantify the consistency of the model fits shown in Fig. 7
for Planck we compute the ⌃2 statistic

⌃2 =
�

⌥⌥⌅
(Cdata
⌥ �CCMB

⌥ �Cfg
⌥ )M�1

⌥⌥⌅ (C
data
⌥⌅ �CCMB

⌥⌅ �Cfg
⌥⌅ ), (33)

for each of the spectra, where the sums extend over the mul-
tipole ranges ⌥min and ⌥max used in the likelihood, M⌥⌥⌅ is
the covariance matrix for the spectrum Cdata

⌥ (including cor-
rections for beam eigenmodes and calibrations), CCMB

⌥ is the
best-fit primordial CMB spectrum and Cfg

⌥ is the best-fit fore-
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Planck Collaboration: Cosmological parameters

Planck+WP Planck+WP+highL Planck+lensing+WP+highL Planck+WP+highL+BAO

Parameter Best fit 68% limits Best fit 68% limits Best fit 68% limits Best fit 68% limits

⇤bh2 . . . . . . . . . . 0.022032 0.02205 ± 0.00028 0.022069 0.02207 ± 0.00027 0.022199 0.02218 ± 0.00026 0.022161 0.02214 ± 0.00024

⇤ch2 . . . . . . . . . . 0.12038 0.1199 ± 0.0027 0.12025 0.1198 ± 0.0026 0.11847 0.1186 ± 0.0022 0.11889 0.1187 ± 0.0017

100⇥MC . . . . . . . . 1.04119 1.04131 ± 0.00063 1.04130 1.04132 ± 0.00063 1.04146 1.04144 ± 0.00061 1.04148 1.04147 ± 0.00056

⇧ . . . . . . . . . . . . 0.0925 0.089+0.012
�0.014 0.0927 0.091+0.013

�0.014 0.0943 0.090+0.013
�0.014 0.0952 0.092 ± 0.013

ns . . . . . . . . . . . 0.9619 0.9603 ± 0.0073 0.9582 0.9585 ± 0.0070 0.9624 0.9614 ± 0.0063 0.9611 0.9608 ± 0.0054

ln(1010As) . . . . . . . 3.0980 3.089+0.024
�0.027 3.0959 3.090 ± 0.025 3.0947 3.087 ± 0.024 3.0973 3.091 ± 0.025

APS
100 . . . . . . . . . . 152 171 ± 60 209 212 ± 50 204 213 ± 50 204 212 ± 50

APS
143 . . . . . . . . . . 63.3 54 ± 10 72.6 73 ± 8 72.2 72 ± 8 71.8 72.4 ± 8.0

APS
217 . . . . . . . . . . 117.0 107+20

�10 59.5 59 ± 10 60.2 58 ± 10 59.4 59 ± 10

ACIB
143 . . . . . . . . . . 0.0 < 10.7 3.57 3.24 ± 0.83 3.25 3.24 ± 0.83 3.30 3.25 ± 0.83

ACIB
217 . . . . . . . . . . 27.2 29+6

�9 53.9 49.6 ± 5.0 52.3 50.0 ± 4.9 53.0 49.7 ± 5.0

AtSZ
143 . . . . . . . . . . 6.80 . . . 5.17 2.54+1.1

�1.9 4.64 2.51+1.2
�1.8 4.86 2.54+1.2

�1.8

rPS
143⇥217 . . . . . . . . 0.916 > 0.850 0.825 0.823+0.069

�0.077 0.814 0.825 ± 0.071 0.824 0.823 ± 0.070

rCIB
143⇥217 . . . . . . . . 0.406 0.42 ± 0.22 1.0000 > 0.930 1.0000 > 0.928 1.0000 > 0.930

�CIB . . . . . . . . . . 0.601 0.53+0.13
�0.12 0.674 0.638 ± 0.081 0.656 0.643 ± 0.080 0.667 0.639 ± 0.081

⇤tSZ⇥CIB . . . . . . . . 0.03 . . . 0.000 < 0.409 0.000 < 0.389 0.000 < 0.410

AkSZ . . . . . . . . . . 0.9 . . . 0.89 5.34+2.8
�1.9 1.14 4.74+2.6

�2.1 1.58 5.34+2.8
�2.0

⇤⇥ . . . . . . . . . . . 0.6817 0.685+0.018
�0.016 0.6830 0.685+0.017

�0.016 0.6939 0.693 ± 0.013 0.6914 0.692 ± 0.010

⌅8 . . . . . . . . . . . 0.8347 0.829 ± 0.012 0.8322 0.828 ± 0.012 0.8271 0.8233 ± 0.0097 0.8288 0.826 ± 0.012

zre . . . . . . . . . . . 11.37 11.1 ± 1.1 11.38 11.1 ± 1.1 11.42 11.1 ± 1.1 11.52 11.3 ± 1.1

H0 . . . . . . . . . . . 67.04 67.3 ± 1.2 67.15 67.3 ± 1.2 67.94 67.9 ± 1.0 67.77 67.80 ± 0.77

Age/Gyr . . . . . . . 13.8242 13.817 ± 0.048 13.8170 13.813 ± 0.047 13.7914 13.794 ± 0.044 13.7965 13.798 ± 0.037

100⇥⇤ . . . . . . . . . 1.04136 1.04147 ± 0.00062 1.04146 1.04148 ± 0.00062 1.04161 1.04159 ± 0.00060 1.04163 1.04162 ± 0.00056

rdrag . . . . . . . . . . 147.36 147.49 ± 0.59 147.35 147.47 ± 0.59 147.68 147.67 ± 0.50 147.611 147.68 ± 0.45

Table 5. Best-fit values and 68% confidence limits for the base ⇥CDM model. Beam and calibration parameters, and addi-
tional nuisance parameters for “highL” data sets are not listed for brevity but may be found in the Explanatory Supplement
(Planck Collaboration ES 2013).

strongly degenerate with the Poisson point source ampli-
tude at 100 GHz. This degeneracy is broken when the high-
resolution CMB data are added to Planck.

The last two points are demonstrated clearly in Fig. 7, which
shows the residuals of the Planck spectra with respect to the
best-fit cosmology for the Planck+WP analysis compared to the
Planck+WP+highL fits. The addition of high-resolution CMB
data also strongly constrains the net contribution from the kSZ
and tSZ⇥CIB components (dotted lines), though these compo-
nents are degenerate with each other (and tend to cancel).

Although the foreground parameters for the Planck+WP fits
can di⌅er substantially from those for Planck+WP+highL, the
total foreground spectra are rather insensitive to the addition of
the high-resolution CMB data. For example, for the 217 ⇥ 217
spectrum, the di⌅erences in the total foreground solution are less
than 10 µK2 at ⌥ = 2500. The net residuals after subtracting both
the foregrounds and CMB spectrum (shown in the lower panels
of each sub-plot in Fig. 7) are similarly insensitive to the addi-
tion of the high-resolution CMB data. The foreground model is
su⇧ciently complex that it has a high “absorptive capacity” to
any smoothly-varying frequency-dependent di⌅erences between
spectra (including beam errors).

Table 6. Goodness-of-fit tests for the Planck spectra. The �⌃2 =
⌃2 � N⌥ is the di⌅erence from the mean assuming the model is
correct, and the last column expresses �⌃2 in units of the disper-
sion

⇧
2N⌥.

Spectrum ⌥min ⌥max ⌃2 ⌃2/N⌥ �⌃2/
⇧

2N⌥

100 ⇥ 100 50 1200 1158 1.01 0.14
143 ⇥ 143 50 2000 1883 0.97 �1.09
217 ⇥ 217 500 2500 2079 1.04 1.23
143 ⇥ 217 500 2500 1930 0.96 �1.13

All 50 2500 2564 1.05 1.62

To quantify the consistency of the model fits shown in Fig. 7
for Planck we compute the ⌃2 statistic

⌃2 =
�

⌥⌥⌅
(Cdata
⌥ �CCMB

⌥ �Cfg
⌥ )M�1

⌥⌥⌅ (C
data
⌥⌅ �CCMB

⌥⌅ �Cfg
⌥⌅ ), (33)

for each of the spectra, where the sums extend over the mul-
tipole ranges ⌥min and ⌥max used in the likelihood, M⌥⌥⌅ is
the covariance matrix for the spectrum Cdata

⌥ (including cor-
rections for beam eigenmodes and calibrations), CCMB

⌥ is the
best-fit primordial CMB spectrum and Cfg

⌥ is the best-fit fore-
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Breaking  Ωmatter- ΩΛ degeneracy  

Planck (+WP+high l) 

SN 

Planck breaks the 
geometric degeneracy 
between Ωmatter and  ΩΛ 

 à flat geometry  
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The initial conditions for galaxy 
formation 

Quantum fluctuations from inflation 
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The growth of cosmic structure  

t=13.8 billion yrs  
δρ/ρ ∼1-106

t=380,000 yrs  
δρ/ρ ∼10-5

Supercomputer simulations use the 
laws of physics to calculate how 

small primordial perturbations grow 
into galaxies today 



University of Durham 

Institute for Computational Cosmology 

The 2dF Galaxy 
Redshift Survey  
221,000  redshifts 

z~0 

2005 



Sloan Digital Sky Survey 

~500,000 galaxy redshifts   
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The 2dF Galaxy 
Redshift Survey  
221,000  redshifts 

z~0 

2005 
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z = 0   Dark Matter 

Springel et al 05 
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z=5.7 

z=0 

To compare simulations vs observations, 
need to know where the galaxies form 

Galaxy formation theory 

        Galaxy formation theory:                 
a physics-based model for the 

formation and evolution of galaxies   
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z = 0   Dark Matter 

Springel et al 05 
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Croton et al 05 

z = 0   Galaxy light 



Springel, Frenk & White  
Nature, April ‘06 

2dFGRS 

SDSS 

CfA 

real 

simulated 
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The final 2dFGRS power spectrum 

ΛCDM model  

ΛCDM convolved 
w. 2dFGR window 

2dFGRS P(k) 
well fit by ΛCDM 
model convolved 

with window 
function 

Cole, Percival, Peacock, 
Baugh, Frenk + 2dFGRS ‘05 

 Millennium sim 

 Linear theory 
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ΛCDM model  

ΛCDM convolved 
with window 

P(k) / Pref(Ωbaryon=0)  

Cole, Percival, Peacock, 
Baugh, Frenk + 2dFGRS ‘05 

 Millennium sim 

Baryon acoustic oscillations in 2dFGRS 

220,000  redshifts 



Springel et al 2005 

Power spectrum 
from MS divided by 

a baryon-free 
ΛCDM spectrum 

 
Galaxy samples 

matched to 
plausible large 
observational 

surveys at given z 
z=0 z=1 

z=3 z=7 

DM gals 

Millennium simulation Baryon 
wiggles in 
the galaxy 
distribution  
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CMB anisotropies and large-scale 
structure 
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CMB anistropies and large-scale 
structure 

2dFgrs Meiksin etal 99 
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ΛCDM model  

ΛCDM convolved 
with window 

Baryon oscillations 
conclusively detected 

in 2dFGRS!!! 

P(k) / Pref(Ωbaryon=0)  

Cole, Percival, Peacock, 
Baugh, Frenk + 2dFGRS ‘05 

 Millennium sim 

Baryon acoustic oscillations in 2dFGRS 

220,000  redshifts 
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•  47,000 SDSS LRGs 
•  0.72 cubic Gpc 
•  Constraint on 

spherically averaged 
BAO scale 

•  Constrain distance 
parameter: 

Angular  
diameter 
distance 

Hubble  
parameter 

Baryon acoustic oscillations in SDSS 

Eisenstein et al ‘05 
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ΛCDM model  

ΛCDM convolved 
with window 

•  Consistency with 
structure growth by 
gravitational instability 
in a ΛCDM universe 

•  Since size of acoustic 
horizon at trec known, 
BAO are standard ruler 

P(k) / Pref(Ωbaryon=0)  

Cole, Percival, Peacock, 
Baugh, Frenk + 2dFGRS ‘05 

 Millennium sim 

Baryon acoustic oscillations in 2dFGRS 

Baryon oscillations in 
2dFGRS è 
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The cosmic power spectrum: from 
the CMB to the 2dFGRS 

2dFGRS 
z=0 

Sanchez et al 06 

⇒ ΛCDM provides an 
excellent description of 
mass power spectrum 

from 10-1000 Mpc 

WMAP 
ΛCDM 

wavenumber k (comoving h-1 Mpc)-1 
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What next in studies of LSS?  

5 % 

25% 70% 
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Understanding the accelerated expansion 

What next?  

•  Einstein’s cosm. const. Λ – constant (vacuum?) energy density 

•  Quintessence – a variable (in time and space) form of Λ

•  Modifications of General Relativity – e.g. f(R) 

At present 3 possibilities : 
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Understanding the dark energy  

What next?  

•  Theoretical: string theory?  

•  Astronomical tests: constrain dark energy “models” 

-  Geometrical (e.g. Ia SNe, BAO) 

-  Dynamical (z-space distortions, cluster counts, lensing …)

Two approaches: 
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€ 

w =
P
ρ

€ 

w(a) = w0 + wa (1− a)

Within General Relativity: 

Just need to measure H(a) à dist to source at z: D(z)=f(H(a)) 

•  Standard candle – Type Ia SNe 

•  Standard ruler – BAO  

Geometric tests  

Friedmann eqn (const w): 

€ 

H 2(a) =
a
.

a

" 

# 

$ 
$ 

% 

& 

' 
' 

2

= H0
2 Ωma

−3 +Ωra
−4 +ΩKa

−2 +ΩX a
−3(1+w )[ ]

matter radiation 
curvature dark energy 

Eqn of state: 

(easy to extend to variable w(a)) 
D

DA (z)∝
d "z
H ( "z )0

z
∫
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• Geometric constraint: using measurements of the expansion 
history, primarily 

• Dynamical constraint: using measurements of the growth of 
structure, main quantities being 

geometric and dynamical constraints

Revisiting the matter power spectra in f(R) gravity

Jian-hua He,1, ∗ Baojiu Li,2 and Yipeng Jing3
1INAF-Observatorio Astronomico, di Brera, Via Emilio Bianchi, 46, I-23807, Merate (LC), Italy

2Institute for Computational Cosmology, Department of Physics, Durham University, Durham DH1 3LE, UK
3INPAC & Department of Physics, Shanghai Jiao Tong University, Shanghai 200240, China

In this paper, we study the non-linear matter power spectrum in a specific family of f(R) models that can
reproduce the ΛCDM background expansion history, using high resolution N -body simulations based on the
ECOSMOG code. We measure the matter power spectrum in the range of 0.05hMpc−1 < k < 10hMpc−1

from simulations for our f(R) models give theoretical explanations to their behaviour and evolution patterns.
We also examine the chameleon mechanism for our models and find that it works throughout the cosmic history
in dense regions, for our f(R) models with |fR0| < 10−4. On the other hand, for models with |fR0| > 10−3,
we find no chameleon screening in dense regions at late times (z < 3), which means that those models could
be ruled out due to the factor-of-1/3 enhancement to the strength of Newtonian gravity in the Solar system.
Comparisons with simulation results of other f(R)models are presented and we also give the best-fit parameters
for a generalised PPF fitting formula which works well for the models studied here.

PACS numbers: 98.80.-k,04.50.Kd

I. INTRODUCTION

Conclusive observational evidences from supernovae lumi-
nosity distances [1], cosmic microwave background (CMB)
[2] and baryonic acoustic oscillations (BAO) [3] indicate that
our Universe is undergoing a phase of accelerated expansion.
Understanding the nature of this cosmic acceleration is one
of the greatest challenges in contemporary physics. Theoreti-
cally, the leading explanation to it is a cosmological constant
in the context of General Relativity (GR). Despite its notable
success in describing current cosmological data sets, this stan-
dard paradigm suffers from several problems: the measured
value of the cosmological constant is far smaller than the pre-
diction of the quantum field theory and there is a coincidence
problem as to why the energy densities of matter and the vac-
uum energy are of the same order today (see [4] for review). It
is also possible to explain the acceleration as driven by a mys-
terious component called dark energy, which is some kind of
dynamical fluid with negative and time-dependent equation of
state w(a). However, to understand the nature of the dynam-
ical dark energy is even harder than that of the cosmological
constant in fundamental physics.
On the other hand, modified gravity theories are proposed

as a promising alternative in explaining the observed acceler-
ating expansion of our universe. The idea is that GR might not
be accurate on cosmological scales, and that the Universe may
obey a different law of gravity. One of the simplest attempts is
the so-called f(R) gravity, in which the Ricci curvature R in
the Einstein-Hilbert action of GR is replaced by an arbitrary
function ofR in the Lagrangian [5]. This model introduces an
extra scalar degree of freedom which enables it to reproduce
the accelerating expansion history of the universe with any ef-

fective dark energy equation of state w(a) [6]. However, any
specifically designed w(a) other than w = −1 is less inter-
esting because it can hardly be well-motivated in fundamental
physics given our lack of knowledge about the nature of dark
energy at the moment, and because observations do seem to
favour w = −1. Therefore, it is of particular interest to inves-
tigate the family of f(R) models that can exactly reproduce
theΛCDM background expansion history. The motivation be-
hind this is threefold.
First, this family of f(R) models can only be distinguished

from the standard ΛCDM model in the perturbed space time,
and any deviations from the ΛCDM growth history are direct
consequences of the extra degree of freedom. This family of
models can be considered as an ideal benchmark for testing
the existence of scalar degrees of freedom in general modified
gravity theories.

δ̈m + 2H(a)δ̇m − 4πG [ρ̄m(a)δm + ρ̄DE(a)δDE] = 0 (1)

δ̈m + 2H(a)δ̇m − 4πGρ̄m(a)δm = 0

δ̈m + 2H(a)δ̇m − 4πµ(a, k)Gρ̄m(a)δm = 0 µ(a) (2)

ΩDE = 0.718

Ωm = 0.282

H0 = 69.3 km/s/Mpc

Revisiting the matter power spectra in f(R) gravity

Jian-hua He,1, ∗ Baojiu Li,2 and Yipeng Jing3
1INAF-Observatorio Astronomico, di Brera, Via Emilio Bianchi, 46, I-23807, Merate (LC), Italy

2Institute for Computational Cosmology, Department of Physics, Durham University, Durham DH1 3LE, UK
3INPAC & Department of Physics, Shanghai Jiao Tong University, Shanghai 200240, China

In this paper, we study the non-linear matter power spectrum in a specific family of f(R) models that can
reproduce the ΛCDM background expansion history, using high resolution N -body simulations based on the
ECOSMOG code. We measure the matter power spectrum in the range of 0.05hMpc−1 < k < 10hMpc−1

from simulations for our f(R) models give theoretical explanations to their behaviour and evolution patterns.
We also examine the chameleon mechanism for our models and find that it works throughout the cosmic history
in dense regions, for our f(R) models with |fR0| < 10−4. On the other hand, for models with |fR0| > 10−3,
we find no chameleon screening in dense regions at late times (z < 3), which means that those models could
be ruled out due to the factor-of-1/3 enhancement to the strength of Newtonian gravity in the Solar system.
Comparisons with simulation results of other f(R)models are presented and we also give the best-fit parameters
for a generalised PPF fitting formula which works well for the models studied here.

PACS numbers: 98.80.-k,04.50.Kd

I. INTRODUCTION

Conclusive observational evidences from supernovae lumi-
nosity distances [1], cosmic microwave background (CMB)
[2] and baryonic acoustic oscillations (BAO) [3] indicate that
our Universe is undergoing a phase of accelerated expansion.
Understanding the nature of this cosmic acceleration is one
of the greatest challenges in contemporary physics. Theoreti-
cally, the leading explanation to it is a cosmological constant
in the context of General Relativity (GR). Despite its notable
success in describing current cosmological data sets, this stan-
dard paradigm suffers from several problems: the measured
value of the cosmological constant is far smaller than the pre-
diction of the quantum field theory and there is a coincidence
problem as to why the energy densities of matter and the vac-
uum energy are of the same order today (see [4] for review). It
is also possible to explain the acceleration as driven by a mys-
terious component called dark energy, which is some kind of
dynamical fluid with negative and time-dependent equation of
state w(a). However, to understand the nature of the dynam-
ical dark energy is even harder than that of the cosmological
constant in fundamental physics.
On the other hand, modified gravity theories are proposed

as a promising alternative in explaining the observed acceler-
ating expansion of our universe. The idea is that GR might not
be accurate on cosmological scales, and that the Universe may
obey a different law of gravity. One of the simplest attempts is
the so-called f(R) gravity, in which the Ricci curvature R in
the Einstein-Hilbert action of GR is replaced by an arbitrary
function ofR in the Lagrangian [5]. This model introduces an
extra scalar degree of freedom which enables it to reproduce
the accelerating expansion history of the universe with any ef-
fective dark energy equation of state w(a) [6]. However, any

specifically designed w(a) other than w = −1 is less inter-
esting because it can hardly be well-motivated in fundamental
physics given our lack of knowledge about the nature of dark
energy at the moment, and because observations do seem to
favour w = −1. Therefore, it is of particular interest to inves-
tigate the family of f(R) models that can exactly reproduce
theΛCDM background expansion history. The motivation be-
hind this is threefold.
First, this family of f(R) models can only be distinguished

from the standard ΛCDM model in the perturbed space time,
and any deviations from the ΛCDM growth history are direct
consequences of the extra degree of freedom. This family of
models can be considered as an ideal benchmark for testing
the existence of scalar degrees of freedom in general modified
gravity theories.

δ̈m + 2H(a)δ̇m − 4πG [ρ̄m(a)δm + ρ̄DE(a)δDE] = 0 (1)

δ̈m + 2H(a)δ̇m − 4πGρ̄m(a)δm = 0

δ̈m + 2H(a)δ̇m − 4πµ(a, k)Gρ̄m(a)δm = 0

δm,Ψ,Φ (2)

ΩDE = 0.718

Ωm = 0.282

H0 = 69.3 km/s/Mpc

Revisiting the matter power spectra in f(R) gravity

Jian-hua He,1, ∗ Baojiu Li,2 and Yipeng Jing3
1INAF-Observatorio Astronomico, di Brera, Via Emilio Bianchi, 46, I-23807, Merate (LC), Italy

2Institute for Computational Cosmology, Department of Physics, Durham University, Durham DH1 3LE, UK
3INPAC & Department of Physics, Shanghai Jiao Tong University, Shanghai 200240, China

In this paper, we study the non-linear matter power spectrum in a specific family of f(R) models that can
reproduce the ΛCDM background expansion history, using high resolution N -body simulations based on the
ECOSMOG code. We measure the matter power spectrum in the range of 0.05hMpc−1 < k < 10hMpc−1

from simulations for our f(R) models give theoretical explanations to their behaviour and evolution patterns.
We also examine the chameleon mechanism for our models and find that it works throughout the cosmic history
in dense regions, for our f(R) models with |fR0| < 10−4. On the other hand, for models with |fR0| > 10−3,
we find no chameleon screening in dense regions at late times (z < 3), which means that those models could
be ruled out due to the factor-of-1/3 enhancement to the strength of Newtonian gravity in the Solar system.
Comparisons with simulation results of other f(R)models are presented and we also give the best-fit parameters
for a generalised PPF fitting formula which works well for the models studied here.

PACS numbers: 98.80.-k,04.50.Kd

I. INTRODUCTION

Conclusive observational evidences from supernovae lumi-
nosity distances [1], cosmic microwave background (CMB)
[2] and baryonic acoustic oscillations (BAO) [3] indicate that
our Universe is undergoing a phase of accelerated expansion.
Understanding the nature of this cosmic acceleration is one
of the greatest challenges in contemporary physics. Theoreti-
cally, the leading explanation to it is a cosmological constant
in the context of General Relativity (GR). Despite its notable
success in describing current cosmological data sets, this stan-
dard paradigm suffers from several problems: the measured
value of the cosmological constant is far smaller than the pre-
diction of the quantum field theory and there is a coincidence
problem as to why the energy densities of matter and the vac-
uum energy are of the same order today (see [4] for review). It
is also possible to explain the acceleration as driven by a mys-
terious component called dark energy, which is some kind of
dynamical fluid with negative and time-dependent equation of
state w(a). However, to understand the nature of the dynam-
ical dark energy is even harder than that of the cosmological
constant in fundamental physics.
On the other hand, modified gravity theories are proposed

as a promising alternative in explaining the observed acceler-
ating expansion of our universe. The idea is that GR might not
be accurate on cosmological scales, and that the Universe may
obey a different law of gravity. One of the simplest attempts is
the so-called f(R) gravity, in which the Ricci curvature R in
the Einstein-Hilbert action of GR is replaced by an arbitrary
function ofR in the Lagrangian [5]. This model introduces an
extra scalar degree of freedom which enables it to reproduce
the accelerating expansion history of the universe with any ef-
fective dark energy equation of state w(a) [6]. However, any
specifically designed w(a) other than w = −1 is less inter-
esting because it can hardly be well-motivated in fundamental

physics given our lack of knowledge about the nature of dark
energy at the moment, and because observations do seem to
favour w = −1. Therefore, it is of particular interest to inves-
tigate the family of f(R) models that can exactly reproduce
theΛCDM background expansion history. The motivation be-
hind this is threefold.
First, this family of f(R) models can only be distinguished

from the standard ΛCDM model in the perturbed space time,
and any deviations from the ΛCDM growth history are direct
consequences of the extra degree of freedom. This family of
models can be considered as an ideal benchmark for testing
the existence of scalar degrees of freedom in general modified
gravity theories.

δ̈m + 2H(a)δ̇m − 4πG [ρ̄m(a)δm + ρ̄DE(a)δDE] = 0 (1)

δ̈m + 2H(a)δ̇m − 4πGρ̄m(a)δm = 0

δ̈m + 2H(a)δ̇m − 4πµ(a, k)Gρ̄m(a)δm = 0

δm,Ψ,Φ (2)

d2s = −(1 + 2Ψ)dt2 + (1− 2Φ)a2dx2 (3)

ΩDE = 0.718

Ωm = 0.282

H0 = 69.3 km/s/Mpc

Revisiting the matter power spectra in f(R) gravity

Jian-hua He,1, ∗ Baojiu Li,2 and Yipeng Jing3
1INAF-Observatorio Astronomico, di Brera, Via Emilio Bianchi, 46, I-23807, Merate (LC), Italy

2Institute for Computational Cosmology, Department of Physics, Durham University, Durham DH1 3LE, UK
3INPAC & Department of Physics, Shanghai Jiao Tong University, Shanghai 200240, China

In this paper, we study the non-linear matter power spectrum in a specific family of f(R) models that can
reproduce the ΛCDM background expansion history, using high resolution N -body simulations based on the
ECOSMOG code. We measure the matter power spectrum in the range of 0.05hMpc−1 < k < 10hMpc−1

from simulations for our f(R) models give theoretical explanations to their behaviour and evolution patterns.
We also examine the chameleon mechanism for our models and find that it works throughout the cosmic history
in dense regions, for our f(R) models with |fR0| < 10−4. On the other hand, for models with |fR0| > 10−3,
we find no chameleon screening in dense regions at late times (z < 3), which means that those models could
be ruled out due to the factor-of-1/3 enhancement to the strength of Newtonian gravity in the Solar system.
Comparisons with simulation results of other f(R)models are presented and we also give the best-fit parameters
for a generalised PPF fitting formula which works well for the models studied here.

PACS numbers: 98.80.-k,04.50.Kd

I. INTRODUCTION

Conclusive observational evidences from supernovae lumi-
nosity distances [1], cosmic microwave background (CMB)
[2] and baryonic acoustic oscillations (BAO) [3] indicate that
our Universe is undergoing a phase of accelerated expansion.
Understanding the nature of this cosmic acceleration is one
of the greatest challenges in contemporary physics. Theoreti-
cally, the leading explanation to it is a cosmological constant
in the context of General Relativity (GR). Despite its notable
success in describing current cosmological data sets, this stan-
dard paradigm suffers from several problems: the measured
value of the cosmological constant is far smaller than the pre-
diction of the quantum field theory and there is a coincidence
problem as to why the energy densities of matter and the vac-
uum energy are of the same order today (see [4] for review). It
is also possible to explain the acceleration as driven by a mys-
terious component called dark energy, which is some kind of
dynamical fluid with negative and time-dependent equation of
state w(a). However, to understand the nature of the dynam-
ical dark energy is even harder than that of the cosmological
constant in fundamental physics.
On the other hand, modified gravity theories are proposed

as a promising alternative in explaining the observed acceler-
ating expansion of our universe. The idea is that GR might not
be accurate on cosmological scales, and that the Universe may
obey a different law of gravity. One of the simplest attempts is
the so-called f(R) gravity, in which the Ricci curvature R in
the Einstein-Hilbert action of GR is replaced by an arbitrary
function ofR in the Lagrangian [5]. This model introduces an
extra scalar degree of freedom which enables it to reproduce
the accelerating expansion history of the universe with any ef-
fective dark energy equation of state w(a) [6]. However, any
specifically designed w(a) other than w = −1 is less inter-
esting because it can hardly be well-motivated in fundamental

physics given our lack of knowledge about the nature of dark
energy at the moment, and because observations do seem to
favour w = −1. Therefore, it is of particular interest to inves-
tigate the family of f(R) models that can exactly reproduce
theΛCDM background expansion history. The motivation be-
hind this is threefold.
First, this family of f(R) models can only be distinguished

from the standard ΛCDM model in the perturbed space time,
and any deviations from the ΛCDM growth history are direct
consequences of the extra degree of freedom. This family of
models can be considered as an ideal benchmark for testing
the existence of scalar degrees of freedom in general modified
gravity theories.

δ̈m + 2H(a)δ̇m − 4πG [ρ̄m(a)δm + ρ̄DE(a)δDE] = 0 (1)

δ̈m + 2H(a)δ̇m − 4πGρ̄m(a)δm = 0

δ̈m + 2H(a)δ̇m − 4πµ(a, k)Gρ̄m(a)δm = 0

Φ = γ(a, k)Ψ

δm,Ψ,Φ (2)

d2s = −(1 + 2Ψ)dt2 + (1− 2Φ)a2dx2 (3)

ΩDE = 0.718

Ωm = 0.282

H0 = 69.3 km/s/Mpc

μ and γ encode theoretical information on dark energy or modified gravity 
in linear regime, with μ = γ = 1 for the standard LCDM paradigm

H(a) can be reconstructed from 
geometric observables, such as 
supernova luminosity distance and 
baryon acoustic oscillation

in principle, ψ+ϕ is measured by weak lensing and integrated 
Sachs Wolfe effect; ψ may be inferred from galaxy velocity 
measurements e.g., redshift space distortions; δ may be obtained 
from galaxy clustering and cluster counts; etc.
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Fig. 34. Marginalized posterior distributions for the dark en-
ergy equation of state parameter w (assumed constant), for
Planck+WP alone (green) and in combination with SNe data
(SNSL in blue and the Union2.1 compilation in red) or BAO
data (black). A flat prior on w from �3 to �0.3 was as-
sumed and, importantly for the CMB-only constraints, the prior
[20, 100] km s�1 Mpc�1 on H0. The dashed grey line indicates
the cosmological constant solution, w = �1.

which is in tension with w = �1 at more than the 2� level.
The results in Eqs. (91–93) reflect the tensions between the

supplementary data sets and the Planck base �CDM cosmology
discussed in Sect. 5. The BAO data are in excellent agreement
with the Planck base �CDM model, so there is no significant
preference for w , �1 when combining BAO with Planck. In
contrast, the addition of the H0 measurement, or SNLS SNe data,
to the CMB data favours models with exotic physics in the dark
energy sector. These trends form a consistent theme throughout
this section. The SNLS data favours a lower ⇥ in the �CDM
model than Planck, and hence larger dark energy density today.
The tension can be relieved by making the dark energy fall away
faster in the past than for a cosmological constant, i.e., w < �1.

The constant w models are of limited physical interest. If
w , �1 then it is likely to change with time. To investigate
this we consider the simple linear relation in Eq. (4), w(a) =
w0 + wa(1 � a), which has often been used in the literature
(Chevallier & Polarski 2001; Linder 2003). This parameteriza-
tion approximately captures the low-redshift behaviour of light,
slowly-rolling minimally-coupled scalar fields (as long as they
do not contribute significantly to the total energy density at early
times) and avoids the complexity of scanning a large number of
possible potential shapes and initial conditions. The dynamical
evolution of w(a) can lead to distinctive imprints in the CMB
(Caldwell et al. 1998) which would show up in the Planck data.

Figure 35 shows contours of the joint posterior distribution in
the w0–wa plane using Planck+WP+BAO data (colour-coded ac-
cording to the value of H0). The points are coloured by the value
of H0, which shows a clear variation with w0 and wa reveal-
ing the three-dimensional nature of the geometric degeneracy in

�2.0 �1.6 �1.2 �0.8 �0.4
w0

�1.6

�0.8

0.0

0.8

1.6

w
a

64

68

72

76

80

84

88

92

H
0

Fig. 35. 2D marginalized posterior distribution for w0 and wa
for Planck+WP+BAO data. The contours are 68% and 95%,
and the samples are colour-coded according to the value of H0.
Independent flat priors of �3 < w0 < �0.3 and �2 < wa < 2
are assumed. Dashed grey lines show the cosmological constant
solution w0 = �1 and wa = 0.

such models. The cosmological constant point (w0,wa) = (�1, 0)
lies within the 68% contour and the marginalized posteriors for
w0 and wa are

w0 = �1.04+0.72
�0.69 (95%; Planck+WP+BAO), (94a)

wa < 1.32 (95%; Planck+WP+BAO). (94b)

Including the H0 measurement in place of the BAO data moves
(w0,wa) away from the cosmological constant solution towards
negative wa at just under the 2� level.

Figure 36 shows likelihood contours for (w0,wa), now
adding SNe data to Planck. As discussed in detail in Sect. 5,
there is a dependence of the base �CDM parameters on the
choice of SNe data set, and this is reflected in Fig. 36. The re-
sults from the Planck+WP+Union2.1 data combination are in
better agreement with a cosmological constant than those from
the Planck+WP+SNLS combination. For the latter data combi-
nation, the cosmological constant solution lies on the 2� bound-
ary of the (w0,wa) distribution.

Dynamical dark energy models might also give a non-
negligible contribution to the energy density of the Universe
at early times. Such early dark energy (EDE; Wetterich 2004)
models may be very close to �CDM recently, but have a non-
zero dark energy density fraction, ⇥e, at early times. Such mod-
els complement the (w0,wa) analysis by investigating how much
dark energy can be present at high redshifts. EDE has two main
e⇤ects: it reduces structure growth in the period after last scat-
tering; and it changes the position and height of the peaks in the
CMB spectrum.

The model we adopt here is that of Doran & Robbers (2006):

⇥de(a) =
⇥0

de �⇥e(1 � a�3w0 )
⇥0

de +⇥
0
ma3w0

+⇥e(1 � a�3w0 ) . (95)

It requires two additional parameters to those of the base�CDM
model: ⇥e, the dark energy density relative to the critical den-
sity at early times (assumed constant in this treatment); and the
present-day dark energy equation of state parameter w0. Here⇥0

m
is the present matter density and⇥0

de = 1�⇥0
m is the present dark
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Dark energy with different w 
Constraints from lensing + other data 
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Detection of BAO in Lyman-α forest 

BOSS survey: detection of BAO in Ly-α forest at z=2.4 
à ideal for measuring w(a)   Slosar et al ‘13 

However, the resulting correlation function will still have large correlated errors. We can
remove these, by diagonalizing the covariance matrix of our fitted binned correlation function
and setting the amplitude of the largest eigen-mode to zero. At the same time, we must also
project out the same eigen-vector from the theory. We have thus made a full circle; we end
up with a distorted correlation function and a theory that accounts for this distortion.

Results of this exercises are plotted in Figure 21 for data and for the mean of all
realizations of synthetic data. Removing more than one eigenvalue produces essentially the
same plots.
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Figure 21. Correlation functions under the assumption of Kaiser-like redshift-space distortions for
all fifteen realizations of synthetic data combined (left column) and the real data (right column). The
top row are bins as inferred, the bottom row is with the largest eigenvalue removed. The dotted line
is the model around which we measure the binned correlation function, the dashed-line is after taking
into account the eigen-vectors projected out. The blue line is the theoretical peak added back to the
dashed-line model to show agreement. The correlation functions are normalized to the underlying
dark-matter correlation function with the bias factor inferred for our fiducial cosmological model
divided out.

7 Discussion & Conclusions

In this paper we have revisited the measurement of the Lyman-� forest BAO. We have
detected the baryonic acoustic oscillations in the flux fluctuations in the Lyman-� forest of
distant quasars which allows a measurement of the expansion rate at a redshift of z � 2.4.
We have confirmed an earlier result with a significantly di�erent method and data cuts.
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Linear theory: fluctuation growth rate 
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dark energy with different w

expansion history is modified negligible, as dark energy clusters very weakly
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In this paper, we study the non-linear matter power spectrum in a specific family of f(R) models that can
reproduce the ΛCDM background expansion history, using high resolution N -body simulations based on the
ECOSMOG code. We measure the matter power spectrum in the range of 0.05hMpc−1 < k < 10hMpc−1

from simulations for our f(R) models give theoretical explanations to their behaviour and evolution patterns.
We also examine the chameleon mechanism for our models and find that it works throughout the cosmic history
in dense regions, for our f(R) models with |fR0| < 10−4. On the other hand, for models with |fR0| > 10−3,
we find no chameleon screening in dense regions at late times (z < 3), which means that those models could
be ruled out due to the factor-of-1/3 enhancement to the strength of Newtonian gravity in the Solar system.
Comparisons with simulation results of other f(R)models are presented and we also give the best-fit parameters
for a generalised PPF fitting formula which works well for the models studied here.

PACS numbers: 98.80.-k,04.50.Kd

I. INTRODUCTION

Conclusive observational evidences from supernovae lumi-
nosity distances [1], cosmic microwave background (CMB)
[2] and baryonic acoustic oscillations (BAO) [3] indicate that
our Universe is undergoing a phase of accelerated expansion.
Understanding the nature of this cosmic acceleration is one
of the greatest challenges in contemporary physics. Theoreti-
cally, the leading explanation to it is a cosmological constant
in the context of General Relativity (GR). Despite its notable
success in describing current cosmological data sets, this stan-
dard paradigm suffers from several problems: the measured
value of the cosmological constant is far smaller than the pre-
diction of the quantum field theory and there is a coincidence
problem as to why the energy densities of matter and the vac-
uum energy are of the same order today (see [4] for review). It
is also possible to explain the acceleration as driven by a mys-
terious component called dark energy, which is some kind of
dynamical fluid with negative and time-dependent equation of
state w(a). However, to understand the nature of the dynam-
ical dark energy is even harder than that of the cosmological
constant in fundamental physics.
On the other hand, modified gravity theories are proposed

as a promising alternative in explaining the observed acceler-
ating expansion of our universe. The idea is that GR might not
be accurate on cosmological scales, and that the Universe may
obey a different law of gravity. One of the simplest attempts is
the so-called f(R) gravity, in which the Ricci curvature R in
the Einstein-Hilbert action of GR is replaced by an arbitrary

function ofR in the Lagrangian [5]. This model introduces an
extra scalar degree of freedom which enables it to reproduce
the accelerating expansion history of the universe with any ef-
fective dark energy equation of state w(a) [6]. However, any
specifically designed w(a) other than w = −1 is less inter-
esting because it can hardly be well-motivated in fundamental
physics given our lack of knowledge about the nature of dark
energy at the moment, and because observations do seem to
favour w = −1. Therefore, it is of particular interest to inves-
tigate the family of f(R) models that can exactly reproduce
theΛCDM background expansion history. The motivation be-
hind this is threefold.
First, this family of f(R) models can only be distinguished

from the standard ΛCDM model in the perturbed space time,
and any deviations from the ΛCDM growth history are direct
consequences of the extra degree of freedom. This family of
models can be considered as an ideal benchmark for testing
the existence of scalar degrees of freedom in general modified
gravity theories.

δ̈m + 2H(a)δ̇m − 4πG [ρ̄m(a)δm + ρ̄DE(a)δDE] = 0 (1)

δ̈m + 2H(a)δ̇m − 4πµ(a)Gρ̄m(a)δm = 0

δ̈m + 2H(a)δ̇m − 4πµ(a, k)Gρ̄m(a)δm = 0 (2)
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modified gravity: DGP and Galileon

expansion history is modified strength of gravity varies with time but is scale-independent
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In this paper, we study the non-linear matter power spectrum in a specific family of f(R) models that can
reproduce the ΛCDM background expansion history, using high resolution N -body simulations based on the
ECOSMOG code. We measure the matter power spectrum in the range of 0.05hMpc−1 < k < 10hMpc−1

from simulations for our f(R) models give theoretical explanations to their behaviour and evolution patterns.
We also examine the chameleon mechanism for our models and find that it works throughout the cosmic history
in dense regions, for our f(R) models with |fR0| < 10−4. On the other hand, for models with |fR0| > 10−3,
we find no chameleon screening in dense regions at late times (z < 3), which means that those models could
be ruled out due to the factor-of-1/3 enhancement to the strength of Newtonian gravity in the Solar system.
Comparisons with simulation results of other f(R)models are presented and we also give the best-fit parameters
for a generalised PPF fitting formula which works well for the models studied here.
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I. INTRODUCTION

Conclusive observational evidences from supernovae lumi-
nosity distances [1], cosmic microwave background (CMB)
[2] and baryonic acoustic oscillations (BAO) [3] indicate that
our Universe is undergoing a phase of accelerated expansion.
Understanding the nature of this cosmic acceleration is one
of the greatest challenges in contemporary physics. Theoreti-
cally, the leading explanation to it is a cosmological constant
in the context of General Relativity (GR). Despite its notable
success in describing current cosmological data sets, this stan-
dard paradigm suffers from several problems: the measured
value of the cosmological constant is far smaller than the pre-
diction of the quantum field theory and there is a coincidence
problem as to why the energy densities of matter and the vac-
uum energy are of the same order today (see [4] for review). It
is also possible to explain the acceleration as driven by a mys-
terious component called dark energy, which is some kind of
dynamical fluid with negative and time-dependent equation of
state w(a). However, to understand the nature of the dynam-
ical dark energy is even harder than that of the cosmological
constant in fundamental physics.
On the other hand, modified gravity theories are proposed

as a promising alternative in explaining the observed acceler-
ating expansion of our universe. The idea is that GR might not
be accurate on cosmological scales, and that the Universe may
obey a different law of gravity. One of the simplest attempts is
the so-called f(R) gravity, in which the Ricci curvature R in
the Einstein-Hilbert action of GR is replaced by an arbitrary

function ofR in the Lagrangian [5]. This model introduces an
extra scalar degree of freedom which enables it to reproduce
the accelerating expansion history of the universe with any ef-
fective dark energy equation of state w(a) [6]. However, any
specifically designed w(a) other than w = −1 is less inter-
esting because it can hardly be well-motivated in fundamental
physics given our lack of knowledge about the nature of dark
energy at the moment, and because observations do seem to
favour w = −1. Therefore, it is of particular interest to inves-
tigate the family of f(R) models that can exactly reproduce
theΛCDM background expansion history. The motivation be-
hind this is threefold.
First, this family of f(R) models can only be distinguished

from the standard ΛCDM model in the perturbed space time,
and any deviations from the ΛCDM growth history are direct
consequences of the extra degree of freedom. This family of
models can be considered as an ideal benchmark for testing
the existence of scalar degrees of freedom in general modified
gravity theories.

δ̈m + 2H(a)δ̇m − 4πG [ρ̄m(a)δm + ρ̄DE(a)δDE] = 0 (1)
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Figure 4. (Colour Online) The relative difference between the matter power
spectra of the f(R) and ΛCDM simulations at z = 0. The results have
been binned along the k-axis as described in the text. ‘Bxxxx’ in the leg-
end means that the simulation box size is xxxxh−1Mpc, and the horizontal
dashed line is identically zero. The top to bottom panels show respectively
results for models F4, F5 and F6. The black dotted and solid curves are
respectively the predictions using linear perturbation theory and HALOFIT
(Smith et al. 2003).

free parameters (namely setting n = 1 in Eq. 7). This leaves us
with only one free parameter |fR0|, which is the present-day value
of fR in the cosmological background. The value of |fR| controls
the strength of the chameleon mechanism: the smaller |fR| is, the
stronger the chameleon effect becomes and the weaker the devi-
ations from general relativity. Because |fR| increases with time
overall, a larger value of |fR0| means that the fifth force becomes
unscreened at an earlier time.

We have run a series of N -body simulations to study the for-
mation of cosmic structures in selected f(R) models using the
ECOSMOG code. To assess all possible resolution and finite box
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Figure 6. (Colour Online) The patterns of the small-scale tails of the veloc-
ity divergence power spectrum per octave k3/2π2Pθθ(k) for the different
cosmologies measured at z = 0 from the B = 1000h−1Mpc simulation
box.

effects we make sure that our simulations cover a wide range of
length and mass scales. On very large scales, the matter power spec-
trum of f(R) gravity is found to be the same as that of the ΛCDM
paradigm, since these scales are well beyond the range of the fifth
force. On small scales, the matter power spectrum develops non-
trivial shapes, depending on the value of |fR0| and time. We stress
that linear perturbation theory is a bad approximation even on large
scales, especially for the cases with |fR0| = 10−5 and 10−6, in
which the chameleon effect is strong and the scalaron equation is
highly nonlinear. This implies that one should be cautious about
forecasts made for modified gravity theories based on linear per-
turbation theory calculations. In general full nonlinear numerical
simulations are needed.

The most challenging part of the f(R) simulation (and mod-
ified gravity simulation in general) is that the fifth force becomes
weak in high density regions, where higher resolution is needed.
We have seen in § 4.3 that if the mass and force resolution is not
high enough, the amplitude of density peaks could be underesti-
mated and the magnitude of the fifth force overestimated, causing
significant errors in the simulations.

The peculiar velocity field in the f(R) gravity is more affected
by the presence of the fifth force than the density field. Indeed,
the velocity divergence power spectrum of the f(R) gravity can
differ from that of ΛCDM by twice as much as the difference in
the matter power spectrum (∼ 100% versus ∼ 50% for F4 and
∼ 60% versus ∼ 30% for F5). Furthermore, the shape and evo-
lution pattern of the velocity divergence power spectrum, although
also dependent on |fR0| and time, can be very different from those
of the matter power spectrum. The large effect of modified grav-
ity on the velocity divergence power spectrum, especially on small
scales, implies that the motion of particles and thus the dynamical
state of the halos can be very different in modified gravity theories.
Galaxy rotational curves, for example, can be modified and this ef-
fect is important when interpreting observational data. The spin of
dark matter halos, especially in low-density regions, can also be
significantly faster (Lee et al. 2012).

The dependencies of the matter and velocity divergence power
spectra on |fR0| and time can be simplified if one understands them
as the dependency on a single quantity – the fifth force. We have
shown that the shapes of the power spectra for different |fR0| actu-
ally evolve on the same path, but for models with smaller |fR0| the
fifth force is suppressed until later times and the whole evolution is
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weak in high density regions, where higher resolution is needed.
We have seen in § 4.3 that if the mass and force resolution is not
high enough, the amplitude of density peaks could be underesti-
mated and the magnitude of the fifth force overestimated, causing
significant errors in the simulations.

The peculiar velocity field in the f(R) gravity is more affected
by the presence of the fifth force than the density field. Indeed,
the velocity divergence power spectrum of the f(R) gravity can
differ from that of ΛCDM by twice as much as the difference in
the matter power spectrum (∼ 100% versus ∼ 50% for F4 and
∼ 60% versus ∼ 30% for F5). Furthermore, the shape and evo-
lution pattern of the velocity divergence power spectrum, although
also dependent on |fR0| and time, can be very different from those
of the matter power spectrum. The large effect of modified grav-
ity on the velocity divergence power spectrum, especially on small
scales, implies that the motion of particles and thus the dynamical
state of the halos can be very different in modified gravity theories.
Galaxy rotational curves, for example, can be modified and this ef-
fect is important when interpreting observational data. The spin of
dark matter halos, especially in low-density regions, can also be
significantly faster (Lee et al. 2012).

The dependencies of the matter and velocity divergence power
spectra on |fR0| and time can be simplified if one understands them
as the dependency on a single quantity – the fifth force. We have
shown that the shapes of the power spectra for different |fR0| actu-
ally evolve on the same path, but for models with smaller |fR0| the
fifth force is suppressed until later times and the whole evolution is

relative difference from 
LCDM power spectrum

scale-dependent difference in linear theory

nonlinearity suppresses the 
difference in full simulations

model A model B

Modified gravity: f(R) gravity 

From Baojiu Li 



University of Durham 

Institute for Computational Cosmology 

           Vobs = vtrue + δv 

 δv ∝ f δρ/ρ = f b-1 δn/n 

“bias” parameter 

Kaiser 1987 

f= dlnD/dlna  

D(a) = linear growth factor 

Redshift space distortions  



University of Durham 

Institute for Computational Cosmology 



University of Durham 

Institute for Computational Cosmology 

2dF galaxy redshift survey 



University of Durham 

Institute for Computational Cosmology 

Redshift space distortions  

Detected out to z~0.7 

Blake et al ‘12 

 A test of the nature of cosmic acceleration using redshift space distortions 

 

11  

 

Figure 2 Estimates of the growth rate of cosmic structure compared to predictions 

from various theoretical models. Values of f = !bL are plotted as a function of the 

inverse of the cosmic expansion factor 1 + z = a(t)!
1
. Our new measurement at z = 0.77 

from the VVDS-Wide survey (red circle) is shown together with that from the 2dFGRS, 

computed from the published
21

 value of !; to do this, we adopted the bias value 

bL = 1.0 ± 0.1 estimated from higher-order clustering in the same survey
20

. We have also 

used very recent measurements from the 2dF-SDSS LRG and QSO (2SLAQ) survey of 

luminous red galaxies
27

 (blue open square) to add one further point at z = 0.55. In this 

case, however, the values of ! and bL are not fully independent, because they have been 

obtained by imposing simultaneous consistency with the clustering measured at z = 0. In 

practice, this forces the resulting f towards the flat " model, that is, ~#m
0.55

. A more 

appropriate treatment would require an independent estimate of the bias for this sample
23

; 

this uncertainty is accounted for by the error bars, which in all cases correspond to 68% 

confidence intervals. The solid red line gives the growth rate for the standard 

cosmological-constant flat (#m0 = 0.25, #"0 = 0.75) model, while the dashed red line is 

the corresponding open model with the same matter density but no cosmological constant; 

the blue and green dashed curves describe models in which dark energy is coupled to dark 

matter
5
; the black dot-dashed line is the DGP braneworld model, an extra-dimensional 

Guzzo et al ‘08 

VVDS 

Wiggle-z 

 ΛCDM 

 ΛCDM 
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Theoretical challenges for  
precision cosmology  

Obstacles in way of extracting cosmological info from surveys:  

•  Systematic effects in the interpretation of the data 

•  Cosmic variance  

-  Focus on BAO in galaxies  

-  Similar considerations apply to RSD, Ly-α forest   
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N-body simulations of large 
cosmological volumes 

BASICC 
 
L=1340/h Mpc 
 
N=3,036,027,392 
 
20 times the Millennium 
volume 
 
Halo resolution:  
(10 particle limit) 
5.5 e+11/h Mpc  
 
130,000 cpu hours on 
the Cosmology Machine 
 

Angulo, Baugh, Frenk & Lacey ‘08 
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BASICC simulation 
dark matter real space 

P(k) divided  
by linear theory P(k),  

scaling out growth factor 

Non-linear evolution of 
matter fluctuations 

P
(k

)/P
lin

ea
r(k

) 

Angulo, Baugh, Frenk & 
Lacey ‘08 



University of Durham 

Institute for Computational Cosmology 

Non-linear evolution of 
matter fluctuations 

Log (P(k)/Plinear(k))  
at z=1  

Angulo, Baugh, Frenk & 
Lacey ‘08 
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Coherent bulk flows  
boost large scale power 

(Kaiser 1987) 

Redshift space distortions 
Peculiar motions distort 

clustering pattern 

Motions of particles inside 
virialised structures  
damp power at high k  
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Peculiar motions distort 
clustering pattern 

 
Boost in power on large 
scales due to coherent 

flows  
 

Damping at higher k  
affects DM but not the 

halos 
 

In z-space, halo bias is 
scale-dependent 

 

Redshift space distortions 

Halos M> 1012 Mo 

Dark matter 

Redshift space 
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Galaxy P(k) cannot 
be reproduced by  
multiplying mass  
P(k) by constant  
factor in redshift  

space. 

Galaxy bias in redshift space 

⇒ In z-space, 
galaxies have a 
scale-dependent 
bias out to k~0.1 
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Comparison of 
different 
selections 

e.g. colour,  
emission line 

strength 

Galaxy bias in redshift space 

Angulo et al ‘08 



The MXXL 
Angulo, Springel             
et al. ‘12 

Bigger than the 
Millennium run 
by factors of 
 
30 in Nparticle     
 
200 in volume 
 
6 in mparticle     

3 x 108 galaxies 
   M*  > 1010 M⊙ 
 
 3 x 105 clusters  
   M* > 1014 M⊙ 







Different galaxy catalogues in the MXXL simulation trace the BAO 
features with a mass- and scale-dependent bias 

  

POWER SPECTRA OF THE GALAXY DISTRIBUTION AT Z=0 FOR DIFFERENT SPACE 
DENSITIES 

BOSS-like  
survey 

Angulo et al. (2012) 
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Estimating the PS covariance  

Measurements of matter power spectrum  à  constraints on 
cosmological parameters 

Only if mean power spectrum predicted by the 
cosmological model and its error distribution are known  

à Need accurate estimates of the PS covariance matrix 

Takahashi et al ‘09 show that for a given cosmology, this 
can be achieved with                                                                  …. 5000 large N-body simulations!!! 



5000 MXXLs ??? 

Need to develop new techniques  



Fast	
  genera*on	
  of	
  ensembles	
  of	
  
cosmological	
  N-­‐body	
  simula*ons	
  via	
  

mode-­‐resampling	
  

Schneider,	
  Cole,	
  Frenk,	
  Szapudi,	
  ApJ	
  737(1),	
  11	
  (2011).	
  arXiv:1103.2767	
  

Schneider, Cole, Frenk, Szapudi ‘11 



Schneider,	
  Cole,	
  Frenk,	
  Szapudi,	
  ApJ	
  737(1),	
  11	
  (2011).	
  arXiv:1103.2767	
  



Power	
  spectrum	
  covariance	
  es*mates	
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P(k) variance  

resampling (20 sims) 

resampling (1 sim) 

Covariance matrix elements  

Need 20 “small-mode’’ re-sampled 
simulations for <20% errors in 

covariance matrix 

500 long-λ resamplings 
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Conclusions & challenges 

 

•  Control of systematics at sub-% level not obviously possible 

•  Best strategy for building mocks (HoD, Galform…) not clear yet  

•  Need to develop new techniques (e.g. mode resampling)  

•  Simulations will be vital: a large number of MXXLs?   

Studies of large-scale structure,past 30 yrs: remarkably successful 

à ΛCDM validated by CMB and LSS data from many sources    

Along the way, we lost Ωmatter=1  … and gained dark energy 

Further progress à great technological/computational challenges 

… NO idea of what DE is: Λ has no explanation in current physics   
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Dark 
energy 

Dark 
energy 


