1 Introduction to general relativity

1.1 Admin

Recommended reading is Foster & Nightingale ’A Short Course in General Relativity’, Springer. I also use Schutz ’A first course in General Relativity’, CUP, but I also put all my lecture notes on the web. They are available in DUO or directly at http://duss0.dur.ac.uk/~done/foundations.html. For general reading (just for fun) try the Uncle Albert series by Russell Stannard, and Brian Greene ’The Elegant Universe’. These give you some nice ways to think about GR.

1.2 Special Relativity

Einsteins special relativity was a towering intellectual achievement, disposing of the ’intutively obvious’ ideas of space and time as separate entities. Time does not flow evenly, the same for everyone, and spatial distances are not identical for all observers. The absolute, invariant thing is not space or time but the spacetime interval

ds^2 = c^2dτ^2 = c^2dt^2−dx^2−dy^2−dz^2 = c^2dt^2−dr^2−r^2dθ^2−r^2 sin^2 θdϕ^2 = g_{μν} dx^μdx^ν

1.3 Acceleration

Special relativity is fabuolous, but has a pretty severe limitation. It only describes behaviour in INERTIAL FRAMES. So how do we treat acceleration, and describe behaviour in accelerated frames ?

Lets think about some accelerated frames. Circular motion is a nice way to get an accelerated frame since the speed stays constant. So think of a spinning roundabout. One person crawls around ON THE GROUND with a ruler, and lays it end to end to measure the circumference. Another person crawls across to measure the diameter. The ratio circumference/diameter is then simply π.

But what does someone ON the roundabout measure ? If the ruler is small enough then the ruler lies along the direction of motion, so its length is shortened. so the person on the roundabout needs more rulers to get around the circumference than the person who crawled around the outside circumference who was at aproximately rest with respect to us. (yes, there are some sublties, but see the notes at the back of The Elegant Universe). But along the radius the ruler is perpendicular to the direction of motion so there is no length contraction so the diameter comes out to be the same as before. So the ratio circumference/diameter is BIGGER than π. There is NO WAY to do this in flat space! If we go onto the surface of a sphere (the surface falls away from us in both directions - positively curved space) then the ratio circumference/diameter is SMALLER than π (think of the limit of a circle of radius equal to that of the sphere - the circumference is 2πr but the diameter is πr so the ratio is 2!). If we go to the inside of a sphere we are still in positively curved space - it curves towards us in two directions. But we CAN do it in negatively curved space - like a saddle shape where it curves away from us in one direction and towards us the other.

So, if we are to handle acclerating frames we MUST use curved space. And since we know from special relativity that time is also a dimension we have to handle curved spacetime. Nasty nasty nasty. So we have to do some fairly advanced maths in order to figure out path lengths in curved space - its called differential geometry and its a bit grim.

1.4 Acceleration=gravity: Principle of equivalence

So do we REALLY want to handle accelerated frames - can’t we just stick to inertial frames ? Well, no, because we want to understand gravity. And Newtons gravity is in big trouble as it has a subtle but direct conflict with SR. Newtons theory of gravity is amazingly accurate in calculating the effects of gravity in the world around us, but completely silent on what causes gravity. In Newtons formulae, gravity is solely determined by the mass and separation of objects. Changing the mass or separation then, according to Newton, INSTANTLY changes the gravity. But special relativity says NOTHING can travel faster than light. Einstens ‘happiest thought’ was the realisation that there was no difference between gravity and an accelerating frame - there is no difference between an accelerated frame without a gravitational field and a stationary frame within a gravitational field. Or, say the same thing a different way around, there is no difference between a free fall frame in a gravitational field and an inertial frame.

This is the equivalence principle. In a freely falling (nonrotating) frame then the laws of physics are the laws of special relativity

So there is a deep connection between gravity and accelerated motion. This explains why inertial and gravitational masses are the same, which was a big deep problem. Inertial mass, m_i, is the one which gives the constant of proportionality between force and acceleration - Newtons famous F = m_ia. Gravitational mass, m_g, determines how the object is affected by the force of gravity F = GMm_g/r^2 = m_gg. So when an object falls under a gravitational field we have a = m_g/m_ig. The only way for all objects to fall the same way in a gravitational field (feather and hammer) is if m_g/m_i = constant. If acceleration and gravity are two different things then this is deeply strange. Compare it with electrostatics - a test particle of charge q and inertial mass m_i in a field E experiences a force qE and acceleration m_ia. So a = q/m_iE and different particles have difference values of q/m_i. But they don’t have different values of m_g/m_i! But if gravity is the same as being accelerated then its not at all strange. But acceleration REQUIRED us to think about curved spacetime, so we need to do differential geometry in order to understand gravity!!!

1.5 Curved space

Think of ants with ink on their feet, walking normally i.e. taking steps of equal length with their left and right feet. On a flat piece of their inky feet leave a path which is a straight line. On a curved surface, still taking steps of equal length, they trace out a curved path. e.g. two ants setting off from different points along the equator of a sphere, heading due south. Their paths get closer and closer together AS IF there were an attractive force between them. But there is not, its just that they are travelling normally (steps of equal length with left and right feet) over a surface that is curved. Now put the ants on the surface of an apple. they still move ’normally’ but now their paths show a variety of curves depending on the curvature of the surface of the apple - if the ants walk close to the stalk where the surface is highly curved then their path curves a lot.

These ’walking normally’ paths in physical language are constant velocity frames - i.e. inertial frames. But in geometric language they are geodesic paths - shortest distance between two points.

1) locally, geodesics (shortest distance between two points) appear straight 2) over more extended regions of spacetime then geodesics originally receeding from each other begin to approach at a rate governed by the curvature of spacetime, and this effect of geometry on matter is what we mean today by the old word gravitation 3) matter in turn warps geometry

Space tells matter how to move, matter tells space how to curve

1.6 The way ahead

1) figure out how mass(energy) curves spacetime(!!!)

2) find the geodesic paths in our curved spacetime - ie the inertial frames. we know how to do physics here (Special Relativity) 3) write the physical laws in such a way that we can easily transform the equations to any arbitrary frame (not just inertial ones). In these frames the paths will CURVE, AS IF THERE WAS SOME ADDITIONAL FORCE ACTING. But its because we have transformed to a ’bad’ coordinate system, where the curvature of spacetime is apparent. This is where tensors come in.

1.7 Gravity and light: The Pounds-Rebka-Snider experiment

This was a Gedanken (thought) experiment first done by Einstein. In the old way to think of gravity, then only particles with mass are acted on by gravity, so photons, being massless, are not. Which leads to some horrors like infinite energy!

Think of a particle dropped from a tower of height h. Its energy when it reaches the ground is m_0c^2 + m_0gh. Convert it into a photon then it has hν_{bottom} = m_0c^2 + m_0gh. If gravity doesn’t affect light then it gets to the top with this energy so hν_{top} = m_0c^2 + m_0gh, to be converted back into a particle. But now the particle mass is m = m_0 + m_0gh/c^2. So we can drop it again..... Since we believe in conservation of energy then we’d better have gravity affecting light, giving a gravitational redshift so that hν_{top} = m_0c^2. Hence hν_{top} hν_{bottom} = m_0c^2 m_0c^2 + m_0gh = 1 − gh/c^2 + ... And in fact we can see this from the roundabout again - fast clocks run slow in SR so a clock in an accelerating frame run slow, ie time dilation=gravitational redshift

And we can tie in the equivalence principle as well. Suppose we had our energy to mass converter in a lab which was freely falling such that it arrived at the top of the tower from above just as the photon arrived at the top of the tower from below. The lab is then moving with velocity gh downwards, so the gravitationally redshifted photon is doppler blueshifted with respect to the lab. And the effects cancel (to first order as appropriate for these approximations) so there is no redshift measured in the free fall frame. So a free fall frame really is an inertial frame!