4.2 Newtonian gravity meaning of curvature tensor

In Newtonian gravity then two particles initially at rest at the same horizontal distance x but at vertical distance ±y (where y ≪ x) from a star of mass M are accelerated radially by the gravitational force ∼ GM/x^2. Since they are in free fall they are travelling on geodesics, and these geodesics are getting closer together as the particles fall towards the star. Resolving the radial force on one of the stars into a force along the same direction as the other radial force, and one perperdicular to it then there is a force towards the other particle of size 2GM/x^2y/x and the distance apart is ∼ 2y. Thus there is an acceleration term between the two particles of magnitude which is pulling them together so

d^2y dt^2 = − GM x^3 y Convert this now to path length using dirty astrophysicists approximations so ds^2/dt^2 ∼ c^2

d^2y ds^2 ( ds dt )_2 = d^2y ds^2 c^2 = − GM x^3 y d^2x ds^2 = − GM c^2x^3 y Compare this with the curvature tensor

D^2ζ^a du^2 = −R^a_{cbd}ζ^bẋ^cẋ^d Biggest term again is for c = d = 0 so

D^2ζ^a du^2 ≈ −R^a_{0b0}ζ^bc^2

ζ^a is the separation and its (0, 0, y, 0) as both particles have the same t, x and z then there is only separation in y so this becomes

D^2y du^2 ≈ −R^y_{0y0}yc^2 Again we see explicitally that the tidal forces which we’d associate with gravity can be made simply from curved spacetime. The curvature tensor in some sense tells us about TIDAL forces - how gravity changes from point to point.

And in flat space, then all the R^a_{cbd} = 0 so D^2ζ^a/du^2 = 0 and geodesics separate as ζ^a = Au + B i.e. in flat space, geodesics either maintain a constant separation (parallel lines) or separate/approach linearly. So with no gravity things continue in staright lines at constant velocity!

4.3 More on the Curvature tensor

We’ve seen above that the Riemann curvature tensor is teh way to describe curvature in all its gory detail. Hence it also describes other curvature dependent quantities such as the swing in the tensor components if its parallel transported around a little loop about a point P. If the looped components are λ^a(loop) and the old are λ^a then

λ^a(loop) − λ^a = Δλ^a = − 1 2 (R^a_{bcd})_P λ^bf^{cd} where f^{cd} is a coordinate area term.

Since curvature also comes into the covariant derivative, then its the Riemann curvature tensor which gives the difference in order of derivatives.. λ^a_{;bc} − λ^a_{;cb} = −R^a_{dbc}λ^d BUT WHAT IT PHYSICALLY MEANS ISN’T ANY OF THESE!! IT PLYSICALLY MEANS TIDAL FORCES FROM GRAVITY!

4.4 Stress-Energy Tensor

So the curvature of space is related to tidal forces, ie to M/R^3 which is the density of mass. We want to get some tensor equation (valid in any frame) such that curvature=gravity, so we want some tensor equation linking the Riemann curvature tensor and mass density. But it can’t just be mass density. Einstein said that mass and energy are equivalent so in fact ALL forms of energy (not just mass) should gravitate. And in fact if this were so it would make some sense of SR. If you accelerate a particle, giving it more and more energy, then as you approach c then the mass increases rather than the velocity. Which is all a bit arbitrary unless all forms of energy gravitate because then as we add energy we increase the inertial (i.e. gravitational) mass. So what we want is a tensor equation linking energy density with curvature.

First we will see how to characterise energy density in SR. In SR we generally dealt with individual particles. where E = γm_oc^2 which is the particle energy, u^μ = dx^μ/dτ is world velocity, v^μ = dx^μ/dt is coordinate velocity and p^μ = m_0u^μ is the 4 momentum of the particle. A stationary particle has p^μ = m_0(c,⃗0) while a moving one has p^μ = m_0γ(c, ⃗v) = (E/c, ⃗p). We want to generalise these to look at density. This is a problem because of course density is a frame dependent quantity. The total number of particles in a given volume must be invariant but the volume changes by length contraction along the direction of motion, so if n_0 is the number density in the rest frame then n_0γ is the number density as measured in a moving frame. But if we are now moving, then there is a flux of particles across the surfaces. i.e. we take two separate concepts density and flux, and make them into a single 4-vector the number-flux 4-vector Ñ = n_0ũ so this has components N^μ = n_0u^μ. This is a 4-vector as it transforms in the right way for a contravariant tensor. In the rest frame then N^μ = n_0dx^μ/dτ. In a moving frame then N^{ν′} = ndx^{ν′} /dτ = n_0dx^{ν′} /dx^μdx^μ/dτ = dx^{ν′} /dx^μN^μ. Alternatively we could just have said that we know u^μ = dx^μ/dτ is a 4 vector and so since N^μ is related to it only by invariant quantities (rest frame density) then this must also be a 4-vector.

So that is density done. But we wanted energy density. Lets stick in the rest frame for the time being, then if the particles have no velocity relative to each other then the energy density is simply m_0c^2n_0 = ρ_0c^2 where ρ_0 is the mass density in the rest frame. But if we then go to another frame we have to transform the energy AND the density - so it transforms by two factors of γ. So this needs to be a second order contravariant tensor. How about T^{μν} = N^μp^ν - in the rest frame then this would have only one component T^{00} = n_0cm_0c = ρ_0c^2. That sounds like a good start. So T^{μν} = N^μp^ν = nu^μm_0u^ν = ρ_0u^μu^ν .

This works if we are only dealing with dust i.e. something where the particles have no internal motions, and no stresses or heat conduction or anything complicated. But in general a gas HAS internal motion - particles are moving with respect to each other so there is no rest frame as such for each particle, only a rest frame for the gas as a whole.

We can instead define a general T^{μν} which is the flow of the μ component of 4-momentum across a surface of constant ν. Then in the rest frame we have T^{00} as flux of 0th component of 4 momentum (E/c) across a surface of constant ct - energy density, cT^{0i} is energy flow per unit area along the i direction - this would be heat conduction. T^{i0}c is the density of the i component of momentum. T^{ii} is the flow of the ith momentum component per unit area in the i direction - i.e. pressure across the i plane. T^{ij} is the flow of the ith momentum component across the j plane - these are viscous drags.

In the rest frame the viscous drags have to be equal (or the fluid as a whole rotates and its not a rest frame) so T^{ij} = T^{ji}. And if heat flows along a direction i then that energy will carry momentum and T^{0i} = T^{i0} So the general stress-energy tensor is symmetric in the rest frame - so it must be symmetric everywhere.

A perfect fluid is one in which there is no heat conduction or viscous stresses. Then in the rest frame

T^{μν} = diag(ρ_0c^2, p, p, p)

This makes a lot of sense - for a relativistic gas the mean energy per particle is 3kT, so the total rest frame energy density ρ_0c^2 + n_03kT = ρ_0c^2 + 3p. We can already see something really fun. PRESSURE contributes to energy density, and energy density curves space. So for the interior of a star, as the fuel runs out then the star contracts and gravity gets stronger. so we require a larger pressure to hold the star up. But this presssure adds to the energy density, so increases gravity, so more pressure is needed so .... black holes!

Lets write the stress energy tensor for a perfect fluid as the sum of tensors

T^{μν} = (ρ_0 + p/c^2)u^μu^ν − pη^{μν}

so we can see its a tensor as its made out of things that are either invariant (scalars) or tensors.