4.5 Conservation laws

The stress energy tensor for a perfect fluid in special relativity.

T^{μν} = (ρ_0 + p/c^2)u^μu^ν − pη^{μν}

is a really compact way to count up all the contributions to the energy density, and its a tensor so it works in all (inertial) frames.

But the stress energy tensor also embodies more information. Energy is conserved. Rate of change of energy is l^3∂T^{00}/∂t. But this change is produced by net energy inflow/outflow along the 6 faces of the cube. The energy flow in is l^2cT^{01}(x) and then energy flow out is l^2cT^{01}(x + l) so net inward flow is −l^3c∂T^{01}/∂x. There are simialr contributions from the other 2 pairs of faces so we have

l^3

∂T^{00} ∂t = −l^3c

∂T^{01} ∂x − l^3c ∂T^{02} ∂y − l^3c ∂T^{03} ∂z ∂T^{00} ∂t + ∂T^{0i} ∂x^i = 0 ∂_αT^{0α} = T^{0α}_{,α} = 0 Momentum is also conserved. and that leads to

∂_αT^{iα} = T^{iα}_{,α} = 0

In other words, conservation of both momentum and energy are embodied in ∂_αT^{βα} = T^{βα}_{,α} = 0 as the stress-energy tensor is symmetric then there is only one divergance ∂_αT^{βα} = ∂_αT^{αβ} .

4.6 Strong equivalence principle - how to go from SR to GR

Any physical law which can be expressed in tensor notation in SR has EX- ACTLY the same form in a locally inertial frame of a curve spacetime (GR)! Locally inertial frames (free fall frames) are equivalent to saying we choose to look at a small piece of spacetime, where we can approximate any curved space to a locally flat space. In this choice of coordinates (local cartesian coordinates) then all the christoffel symbols are zero so standard diferentiation and covariant differentiation are the same. BUT once we go outside of this the curvature becomes apparent. So to make our tensor equations work in any general frame we need to swap standard differentiation (which is NOT a real tensor) (∂/∂x^c = ∂_c =_{,c} with covariant differentiation_{;c} (which IS a tensor). So this is sometimes called the comma goes to semicolon rule!

So if we wanted to generalise T^{μν} and its conservation laws to GR we’d swap the metric tensor from flat space to generalised curved space so for a perfect fluid T^{μν} = (ρ_0 + p/c^2)u^μu^ν − pg^{μν}

and take the covariant deriavative rather than the partial derivative

T^{βα}_{;α} = 0

4.7 Tensors associated with the Riemann curvature tensor

Well, we have a bit of a problem. We want a tensor equation which has curvature=energy density. The stress energy tensor is second order, symmetric, with covariant derivative of zero. So we are looking for a way to denote curvature which is also a second order symmetric tensor with covariant derivative of zero. But the Riemann curvature tensor which completely embodies all the information about the curvature of space is a 4th order tensor. There is no way that a second order tensor can be equal to a 4th order one. So we need to CONTRACT the Riemann curvature tensor, preferably without losing any information about the spatial curvature!!!

If we were to contract R^a_{bcd} we could sum over one of the covariant indices with the contravariant one. But which covariant index - in principle R^a_{cd} ≠ R^a_{bad} ≠ R^a_{bca}. However, the Riemann curvature tensor has a large number of symmetries so instead of having N^4 components it actually has only(!) N^2(N^2 − 1)/12.

We could derive these out using the full form of the Riemann curvature tensor but its very long and tedious so instead we are going to use a trick. We can always define locally inertial coordinates, those in which the metric tensor is given by η_{αβ} and the Christoffel symbols are zero, BUT THEIR DERIVATIVES ARE NOT - we can’t transform gravity away in a global sense. I’d call this the primed frame but the equations will get very messy. BUT IN WHAT FOLLOWS WE ARE LOOKING AT THE COMPONENTS OF THE CURVATURE TENSOR IN THE LOCALLY INERTIAL FRAME.

R^a_{bcd} = (∂_cΓ^a_{bd} − ∂_dΓ^a_{bc} + Γ^e_{bd}Γ^a_{ec} − Γ^e_{bc}Γ^a_{ed}) = ∂_cΓ^a_{db} − ∂_dΓ^a_{cb} in the locally inertial frame Cyclic Identity

So you can see that so if we cyclically perturb the covariant indices then we have R^a_{cdb} = ∂_dΓ^a_{bc} − ∂_bΓ^a_{dc} R^a_{dbc} = ∂_bΓ^a_{cd} − ∂_cΓ^a_{bd} so add all these, remembering that christoffel symbols are symmetric R^a_{bcd} + R^a_{cdb} + R^a_{dbc} = ∂_cΓ^a_{db} − ∂_dΓ^a_{cb} + ∂_dΓ^a_{bc} − ∂_bΓ^a_{dc} + ∂_bΓ^a_{cd} − ∂_cΓ^a_{bd} = 0 But R^a_{bcd} + R^a_{cdb} + R^a_{dbc} = 0 is a TENSOR equation. So even though we derived it in the local frame, it must be true in ALL frames! Bianchi Identity

Take the covariant derivative of the Riemann curvature tensor - but in a frame where the Christoffel symbols are zero then this is the same as the normal derivative!

R^a_{bcd;e} = ∂_e(∂_cΓ^a_{bd} − ∂_dΓ^a_{bc}) = ∂_e∂_cΓ^a_{bd} − ∂_e∂_dΓ^a_{bc} cyclically permuting c, d, e gives R^a_{bde;c} = ∂_c∂_dΓ^a_{be} − ∂_c∂_eΓ^a_{bd} R^a_{bec;d} = ∂_d∂_eΓ^a_{bc} − ∂_d∂_cΓ^a_{be} So R^a_{bcd;e}+R^a_{bde;c}+R^a_{bec;d} = ∂_e∂_cΓ^a_{bd}−∂_e∂_dΓ^a_{bc}+∂_c∂_dΓ^a_{be}−∂_c∂_eΓ^a_{bd}+∂_d∂_eΓ^a_{bc}−∂_d∂_cΓ^a_{be} = 0 and again, its a tensor equation, so holds in all frames not just the locally inertial frame.

Index Symmetries

Start with the fully covariant quantity R_{abcd} = g_{ae}R^e_{bcd} R_{abcd} = g_{ae}[∂_cΓ^e_{db} − ∂_dΓ^e_{cb}] we can take the g_{ae} inside the derivatives and get R_{abcd} = ∂_cΓ_{adb} − ∂_dΓ_{acb} these Christoffel symbols can be written in terms of the derivatives of the metric (see lecture 7) where we had 2Γ_{abc} = ∂_bg_{ac} + ∂_cg_{ba} − ∂_ag_{bc} so 2R_{abcd} = ∂_c[∂_dg_{ab} + ∂_bg_{da} − ∂_ag_{db}] − ∂_d[∂_cg_{ab} + ∂_bg_{ca} − ∂_ag_{cb}] R_{abcd} = 1 2 (∂_c∂_bg_{da} − ∂_c∂_ag_{db} − ∂_d∂_bg_{ca} + ∂_d∂_ag_{cb}) where we’ve used the fact that g_{ab} = g_{ba} and that ∂_d∂_cg_{ab} = ∂_c∂_dg_{ab}.

So then we can see that R_{abcd} = −R_{bacd} R_{abcd} = −R_{abdc} R_{abcd} = R_{cdab} Again, these are TENSOR equations, so must be true in all frames.

so because of all these symmetries then we can contract the Riemann curvature tensor to a second order tensor and not lose TOO much information.