4.7 Ricci Tensor

The index symmetries have some important implications for R^a_{bcd}. If we are contracting over the first index, R^a_{acd} then we can see that R^a_{acd} = g^{ae}R_{eacd} = −g^{ae}R_{aecd} = −g^{ea}R_{aecd} = −R^e_{eacd} = −R^a_{acd}. The only way this can be true in general is if R^a_{acd} = 0. So this is not a useful index to contract over!

So now we have the choice of contracting over index 3 or 4. But R_{abcd} = −R_{abdc} so R^a_{bad} = −R^a_{bda}. So modulo a sign change then there is only one non–zero contraction of the Riemann curvature tensor, which we call the Ricci tensor. R_{ab} = R^c_{abc} NB there is no widely accepted convention for the sign of the Riemann curvature tensor, or the Ricci tensor, so check the sign conventions of whatever book you are reading.

4.8 The Einstein Field Equations

The Ricci tensor is a second order tensor about curvature while the stressenergy tensor is a second order tensor about the source of gravity (energy density). So how about R^{μν} = κT^{μν} as the equation we are after which is curvature=gravity ? This in fact was Einsteins first guess!

well, stress energy tensor is also symmetric, and has covariant derivative of zero. The Ricci tensor is also symmetric. Contract the cyclic identity R^a_{bcd} + R^a_{cdb} + R^a_{dbc} = 0 so R^a_{bca} + R^a_{cab} + R^a_{abc} = 0 but R^a_{acd} = 0 from above so this leaves R^a_{bca} + R^a_{cab} = 0 R^a_{bca} − R^a_{cba} = 0 from R_{abcd} = −R_{abdc} R_{bc} = R_{cb} So the Ricci tensor is symmetric, as required. Incidentally this means that R^a_b = R^a_b as R^a_c = g^{ab}R_{bc} = g^{ab}R_{cb} = R^a_c . So we have two out of the 3 qualities we need for the stress energy tensor (second order and symmetric). But what about the third - covariant derivative of zero ?

We can use the Bianchi identity to get this for the Ricci tensor R^a_{bca;e} + R^a_{bae;c} + R^a_{bec;a} = 0 R_{bc;e} − R_{be;c} + R^a_{bec;a} = 0 we know (section 3.10) that we can take the metric in and out of covariant differentiation ie that raising and lowering of indices can go in and out of covariant differentiation. So lets raise the index b - multiply it by g^{fb}. g^{fb}R_{bc;e} − g^{fb}R_{be;c} + g^{fb}R^a_{bec;a} = 0 R^f_{c;e} − R^f_{e;c} + R^{af}_{ec;a} = 0 contract over e and f ie set e = f R^f_{c;f} − R^f_{f;c} + R^{af}_{fc;a} = 0 Define R = R^a_a = R^a_a as the Riemann curvature scalar. Then we have R^f_{c;f} − R_{;c} + R^{af}_{fc;a} = 0 R^f_{c;f} − R_{;c} + R^{fa}_{cf;a} = 0 from R_{abcd} = −R_{abdc} = R_{badc} R^f_{c;f} − R_{;c} + R^a_{c;a} = 0 2R^a_{c;a} − R_{;c} = 0 (R^a_c − 1 2 Rδ^a_c )_{;a} = 0 (g^{bc}R^a_c − 1 2 g^{bc}δ^a_c R)_{;a} = 0 (R^{ba} − 1 2 g^{ba}R)_{;b} = 0 so the covariant derivative of the Ricci tensor IS NOT ZERO! But this funny combination of the ricci tensor and curvature scalar IS.

So we have the Ricci Tensor, which is a symmetric second order tensor, but its divergance IS NOT zero. Instead we have this composite of the Ricci tensor and the curvature scalar which has divergance of zero. So its this whole thing which we could put as proportional to the stress-energy tensor. R^{αβ} − 1 2 g^{αβ}R = κT^{αβ}

These are the Einstein field equations. There are 10 of them - should be 4^2 but the tensors are SYMMETRIC. But this is not a unique way to relate curvature to gravity and there is no way to prove them a priori. In fact this was Einsteins second guess at it - his first was R^{ab} = κT^{ab} And its not the final guess either, even in this form. In effect what we have is a differential equation. So the solution has an integration constant in it. We get the equation above if this constant is zero. But the more general form is R^{αβ} − 1 2 g^{αβ}R + Λg^{αβ} = κT^{αβ} where Λ is the cosmological constant.

But lets stick with the simplest possible form of the simplest possible equation i.e. set Λ = 0. We can put the Einstein equations in slightly different form: g_{γα}R^{αβ} − 1 2 g_{γα}g^{αβ}R = κg_{γα}T^{αβ} R^β_γ − 1 2 δ^β_γ R = κT^β_γ contract over β and γ i.e. set β = γ Then since δ^β = 4 then R − 2R = κT R = −κT So an alternative form (which we are going to use below) is R^{αβ} = κ(T^{αβ} − 1 2 g^{αβ}T ) 4.9 Solving the Einstein equations

Einstein thought it would never be done. His equation is a second order tensor equation - so represents 16 separate equations! Though the symmetry properties means there are ’only’ 10 independent equations!!

But the way to solve it is not in full generality, but to pick a reql physical situation we want to represent. The simplest is static curved spacetime round a spherically symmetric mass while the rest of spacetime is empty. Schwarzchild did this by guessing the form the metric should have

c^2dτ^2 = A(r)dt^2 − B(r)dr^2 − r^2dθ^2 − r^2 sin^2 θdϕ^2 so the g_{μν} are not functions of t - field is static. And spherically symmetric as surfaces with r, t constant have ds^2 = r^2(dθ^2 + sin^2θdϕ^2). For EMPTY spacetime then R_{μν} = 0 NB just because the Ricci tensor is zero DOES NOT means that the Riemann curvature tensor components are zero (ie no curvature)!!

R_{μν} = ∂_ν Γ^σ_{μσ} − ∂_σΓ^σ_{μν} + Γ^ρ_{μσ}Γ^σ_{ρν} − Γ^ρ_{μν} Γ^σ_{ρσ} = 0

Substitute in with x^0 = t, x^1 = r, x^2 = θ, x^3 = ϕ and get (see homework)

R_{00} = − A^{′′} 2B + A^′ 4B ( A^′ A + B^′ B ) − A^′ rB = 0 R_{11} = A^{′′} 2A − A^′ 4A ( A^′ A + B^′ B ) − B^′ rB = 0 R_{22} = 1 B − 1 + r 2B ( A^′ A − B^′ B ) = 0

R_{33} = R_{22} sin^2 θ = 0 All the rest of the R_{μν} are zero. The R_{33} is redundant information as its linearly related to R_{22} so we have 3 equations for our unknown A and B. Solve these using additional information that as r → ∞ then A → c^2 and B → 1 so that it makes the flat space metric (in spherical polar coordinates). We also know that A(r) = g_{tt} ≈ c^2[1 − 2GM/(rc^2)] in the weak field limit (from lecture 8, NB there we were sensible and had x^0 = ct whereas here we’ve had x^0 = t so there is an extra factor of c^2). Put all these together and get A = c^2(1 − 2 GM rc^2 ) B = (1 − 2 GM rc^2 )^{−1}

so we have the line element

ds^2 = c^2dτ^2 = c^2(1 − 2GM c^2r

)dt^2 − (1 − 2GM c^2r

)^{−1}dr^2 − r^2dθ^2 − r^2 sin^2 θdϕ^2

or set GM/c^2 = m

ds^2 = c^2dτ^2 = c^2(1 − 2m r )dt^2 − (1 − 2m r )^{−1}dr^2 − r^2dθ^2 − r^2 sin^2 θdϕ^2