1 Experimental tests of GR and Black Holes

The Schwarzschild metric is how gravity curves spacetime IFF the Einstein equations are correct! we saw that they are not derivable from first principles - they are merely the simplest way we can write gravity = curvature. So we need to see if this works, so we need to use this metric to figure out what this spacetime curvature (=gravity) predicts for paths of particles and photons which we can then MEASURE to test the theory. But first, lets look at our metric in a bit more detail.

1.1 Meaning of the Schwarzschild metric

We derived the metric from the Einstein equations, assuming that the cosmological constant is negligible and get

ds^2 = c^2dτ^2 = c^2(1 − 2m r )dt^2 − (1 − 2m r )^{−1}dr^2 − r^2dθ^2 − r^2 sin^2 θdϕ^2

The dt, dr, dθ, dϕ are COORDINATES, not proper time, or proper distance. What do they mean ?

With m = 0 then the metric becomes simply Minkowski in spherical coordinates ie ds^2 = c^2dτ^2 = c^2dt^2 − dr^2 − r^2dθ^2 − r^2 sin^2 θdϕ^2 Proper time is the time as measured by a clock which travels along with a particle - its obviously invariant as its a property of the particle NOT of the frame! Travelling WITH a particle means that there is no relative spatial motion so c^2dτ^2 = c^2dt^2 ie dτ = dt ie proper time is coordinate time as measured by clocks which are stationary in the reference frame. Now turn m up, and dτ^2 = (1 − 2m/r)dt^2. We are still going to say that clocks record proper time intervals along their world lines, and this clock is fixed, so we have that coordinate time is NOT equal to proper time dτ < dt.

Proper distance is distance of an object measured at teh same time so dt = 0. generally we supress the -ve sign in the metric and get proper distance as the spatial part of the metric so ds^2 = dr^2 + r^2dθ^2 + r^2 sin^2 θdϕ^2. For fixed θ and ϕ then ds^2 = dr^2 When we turn up m then the distances go strange - ds^2 = (1 − 2m/r)^{−1}dr^2. The proper distance ds IS NO LONGER given by dr, instead we have ds > dr. The way to do this is to curve space and can be visualised in an embeding diagram.

Asymptotically, both r and t go to proper distance and proper time.

1.2 Gravitational redshift

We send a light beam along a radial null geodesic. The beam is emitted at r_E and received at r_R. Then the path is 0 = c^2(1 − 2m/r)dt^2 − (1 − 2m/r)^{−1}dr^2 so it travels at coordinate speed dr dt = ±c(1 − 2m/r) so the coordinate time taken (use +ve if going outwards) t_R − t_E = 1 c ∫_{rR} r_E (1 − 2m/r)^{−1}dr we could evaluate this but we’re not going to as the important this is that it only depends on space. If we send another signal a bit later from the same fixed position emitter to the same fixed position reciever then this coordinate time difference will be the same. t_{R1} − t_{E1} = t_{R2} − t_{E2} so then the coordinate time difference between the two emitted signals an the two received signals is also the same t_{R1} − t_{R2} = t_{E1} − t_{E2} = Δt But the clock at the point of emission records proper time not coordinate time. It is fixed in space, so the time it measures between the two signals is Δτ_E = (1 − 2m/r_E)^{1/2}Δt_E = (1 − 2m/r_E)^{1/2}Δt but so is the clock at the receiver Δτ_R = (1 − 2m/r_R)^{1/2}Δt_R = (1 − 2m/r_R)^{1/2}Δt so Δτ_E Δτ_R = ( 1 − 2m/r_E 1 − 2m/r_R )_{1/2}

Suppose the emitter were pulsating, then it has frequency ν ∝ 1/Δτ. So ν_R ν_E = ( 1 − 2m/r_E 1 − 2m/r_R )_{1/2}

If r_E < r_R then the photon crawls uphill so it loses energy so ν_R < ν_E . This can be measured - in the laboratory with a large tower (Pounds–Rebka– Snyder experiment - tiny effect). Or look at absorption lines from the surface of a white dwarf and get a much bigger effect.

1.3 Cyclic coordinates

To find geodesics paths (ie inertial frames!) then the first thing to do is write down the metric - and tailor it to the situation you want to solve. The do the Euler-Lagrange equations. Here we want general paths. These change in both ϕ and r but they are in a PLANE (θ=constant) so without loss of generality as the metric is spherically symmetric we can take this plane to be θ = π/2 so the metric is then

ds^2 = c^2dτ^2 = (1 − 2m/r)c^2dt^2 − (1 − 2m/r)^{−1}dr^2 − r^2dϕ^2

Geodesic paths so must satisfy the Euler-Lagrange equation where

L = 1/2g_{αβ}ẋ^αẋ^β − (1 − 2m/r)c^2ṫ^2 − (1 − 2m/r)^{−1}ṙ^2 − r^2ϕ̇^2

The E-L equations are d dτ ∂L ∂ẋ^α − ∂L ∂x^α = 0 where dot denotes derivative with respect to proper time (which is an affine parameter). The easy equations will be those where a coordinate does not appear e.g. t and ϕ as then the Euler Lagrange equations only have one term d dτ ( ∂L ∂ẋ^α ) = 0 so ∂L/∂ẋ^α = constant. These are called cyclic coordinates. What is this constant of motion? ∂L ∂ẋ^α = ∂(^1_2 g_{μν}ẋ^μẋ^ν ) ∂ẋ^α = 1 2 ∂g_{μν} ∂ẋ^α ẋ^μẋ^ν + 1 2 g_{μν} ∂ẋ^μ ∂ẋ^α ẋ^ν + 1 2 g_{μν}ẋ^μ ∂ẋ^ν ∂ẋ^α

But the metric only depends on position not velocity ie only on x^α not on ẋ^α so ∂g_{μν} /∂ẋ^α = 0 = 1 2 g_{μν} δ^μ_αẋ^ν + 1 2 g_{μν}ẋ^μδ^ν_α = g_{μν}ẋ^μ = ẋ_ν

But momentum is p^α = Δẋ^α where Δ is the particle mass. So this constant we are looking for is covariant momentum per unit mass. If coordinate does NOT appear in the metric, then that means that covariant momentum in that coordianate is conserved.

Lets do examples to make it all less abstract. Time coordinate x^0 = ct ∂L ∂ẋ^0 = (1 − 2m/r)ẋ^0 = (1 − 2m/r) p^0 Δ since this is constant then if we find its value anywhere we know its value everywhere. At r → ∞ this → p^0_∞/Δ = E_∞/(Δc). so

(1 − 2m/r)ẋ^0 = (1 − 2m/r)cṫ = E_∞/(Δc)

(1 − 2m/r)ṫ = E_∞/(Δc^2) = E

where E is a dimensionless measure of the energy - constant zero component of covariant momentum = conservation of something like energy!!!

The other cyclic coordinate (ie one that doesn’t appear in the metric) is ϕ. so the E-L equations here become ∂L ∂ẋ^3 = constant = −r^2ϕ̇

This is indeed covariant angular momentum per unit mass - p_ϕ/Delta = g_{ϕϕ}p^ϕ/Δ = −r^2ϕ̇. More intuitively, this is (modulo a minus sign) like angular momentum = Δr^2ω = Δr^2ϕ̇. Thus, angular momentum per unit mass h = r^2ϕ̇ and r^2ϕ̇ = h = cL_z ang momentum has units of mass x length x velocity. h is per unit mass so this has units of length x velocity. divide by c and L_z has units of length. But physically this all means something like conservation of angular momentum!!!