1.4 Geodesic Paths - elliptical particle orbits

First thing to do is write down the metric - tailor it to the situation you want to solve. Here we want general paths. These change in both ϕ and r but they are in a PLANE (θ=constant) so without loss of generality as the metric is spherically symmetric we can take this plane to be θ = π/2 so the metric is then

ds^2 = c^2dτ^2 = (1 − 2m/r)c^2dt^2 − (1 − 2m/r)^{−1}dr^2 − r^2dϕ^2

Geodesic paths so must satisfy the Euler-Lagrange equation where

L = 1/2g_{αβ}ẋ^αẋ^β = (1 − 2m/r)c^2ṫ^2 − (1 − 2m/r)^{−1}ṙ^2 − r^2ϕ̇^2

E-L in t ∂L ∂ṫ = c^2(1 − 2m/r)ṫ = constant, (1 − 2m/r)ṫ = E

Similarly for ϕ. ∂L ∂ϕ̇ = −r^2ϕ̇ = constant, r^2ϕ̇ = cL_z

So we have relations for ϕ̇ and ṫ. All we need now is one for ṙ and we’d have everything we need (there are 3 coordinates so we need 3 equations!). We can get a relation for ṙ from the Euler-Lagrance equations but its a bit nasty. All we really need is some way to relate ṙ to the known ϕ̇, ṫ, and we can get such a relation more easily through the METRIC which for particles is:

c^2 = c^2(1 − 2m/r)ṫ^2 − (1 − 2m/r)^{−1}ṙ^2 − r^2ϕ̇^2

rearrange to get

c^2(1 − 2m/r) ṫ^2 ϕ̇2 − (1 − 2m/r)^{−1} ( dr dϕ )_2

− r^2 = c^2 ϕ̇2 substitute in from the EL equations for ṫ, ϕ̇,

r^4E^2 (1 − 2m/r)L^2_z − (1 − 2m/r)^{−1} ( dr dϕ )_2

− r^2 = r^4 L^2_z multiply by −(1 − 2m/r) ( dr dϕ )_2 + r^4 L^2_z

(1 + L^2_z/r^2)(1 − 2m/r) −

E^2r^4 L^2_z = 0 ( dr dϕ )_2 = (E^2 − 1)r^4 L^2_z + 2GMr^3 c^2L^2_z

− r^2 + 2GMr c^2 compare this to Newtonian. total energy (KE+PE) per unit mass is Ẽ = 1 2 v^2 − GM/r. in spherical polars then v^2 = ṙ^2 + r^2ϕ̇^2 so

Ẽ = 1 2 (ṙ^2 + r^2ϕ̇^2) − GM/r

again r^2ϕ̇ = h constant ang. momentum so: 2Ẽ ϕ̇2 = ( dr dϕ )_2

+ r^2 − 2GM rϕ̇^2 2Ẽr^4 h^2 = ( dr dϕ )_2

+ r^2 − 2GMr^3 h^2 ( dr dϕ )_2 = 2Ẽr^4 h^2

− r^2 + 2GMr^3 h^2 so this is the SAME as h = cL_z (as long as energy means something slightly different 2Ẽ = (E^2 − 1)c^2 - but we’d kind of expect as newtonian energy doesn’t include rest mass and isn’t relativistic) EXCEPT for the 2GMr/c^2 term in the GR equation which is NOT PRESENT in the Newtonian! so orbits in GR should be just a little bit different - this is a TEST of GR, of Einsteins equations which are the simplest way to write gravity=curvature.

1.5 Precession of perihelion of Mercury

need to solve these horrid equations. Easiest to do by putting u = 1/r. du/dr = −1/r^2. Then du/dϕ = −1/r^2dr/dϕ. The full GR equation is ( dr dϕ )_2 = (E^2 − 1)r^4 L^2_z + 2GMr^3 c^2L^2_z

− r^2 + 2GMr c^2

1 r^4 ( dr dϕ )_2 = E^2 − 1

L^2_z + 2m rL^2_z − 1 r^2 + 2m r^3 ( du dϕ )_2

+ u^2 =

(E^2 − 1) L^2_z + 2mu L^2_z

+ 2mu^3

Newtonian orbits analogue is ( du dϕ )_2

+ u^2 = 2Ẽ h^2 + 2GMu h^2

where Ẽ is a constant related to the energy of the orbit and h^2 is angular momentum per unit mass. du/dϕ = 0 at perihelion and aphelion. so Newtonian goes a quadratic

u^2 = 2Ẽ h^2 + 2GMu h^2 solve to give u = GM h^2 ± √ G^2M^2 h^4 + 2Ẽ h^2 so we can see this is elliptical, with mean u = GM/h^2. Suppose the orbit is not very elliptical, then setting y = u − GM/h^2 means we are looking for SMALL deviations about the mean distance. Substitute in for u = y + GM/h^2 and du/dϕ = dy/dϕ so ( dy dϕ )^2 + y^2 + 2GMy h^2 + G^2M^2

h^4 = 2Ẽ h^2 + 2GMy h^2 + 2G^2M^2 h^4 ( dy dϕ )^2 + y^2 = 2Ẽ h^2 + G^2M^2 h^4 Trial solution of y = A cos(ϕ−ϕ_0), so dy/dϕ = −Asin(ϕ−ϕ_0) and (dy/dϕ)^2 = A^2sin^2(ϕ − ϕ_0) = A^2 − y^2 so it works and we could solve for A if we wanted. But the key thing here is that these small deviations from circularity which make the orbit an ellipse are periodic on 2π. The orbit comes back to the same r after 2π so its CLOSED.

Now lets do the SAME THING, but with the GR equation ( du dϕ )_2

+ u^2 =

(E^2 − 1) L^2_z + 2GMu c^2L^2_z + 2GMu^3 c^2 set y = u − GM/h^2 and replace L_z by remembering h = cL_z ( dy dϕ )^2 + y^2 =

(E^2 − 1) L^2_z + G^2M^2 h^4 + 2GM c^2

(y + GM/h^2)^3

( dy dϕ )^2 + y^2 = Ẽ +

G^2M^2

h^4 + 2GM c^2

(y^3 + 3GM h^2 y^2 +

3G^2M^2 h^4 y + G^3M^3 h^6 ) neglect terms in y^3 - these are SMALL deviations. ( dy dϕ )^2 + (1 −

6G^2M^2 h^2c^2

)y^2 = Ẽ +

G^2M^2 h^4 + 2G^4M^4 h^6c^2 + 6G^3M^3y h^4c^2 The trial solution here is y = y_0 +A cos(kϕ−ϕ_0) so dy/dϕ = −Ak sin(kϕ−ϕ_0) and ( dy dϕ )_2

= A^2k^2 sin^2(kϕ − ϕ_0) = A^2k^2(1 − cos^2(kϕ − ϕ_0) = A^2k^2 − k^2(y − y_0)^2

= A^2k^2 − k^2y^2 + 2k^2y_0y − k^2y^2_0 This is going to work as we now have a multiplier for y^2 and y as well as a constant term. Equating coefficients for y^2 gives

−k^2 + (1 −

6G^2M^2 h^2c^2

) = 0

k = (1 −

6G^2M^2 h^2c^2

)^{1/2} So we get round to the same r NOT when ϕ = 2π but when kϕ = 2π ie at ϕ = 2π k = 2π(1 −

6G^2M^2 h^2c^2

)^{−1/2} ≈ 2π(1 +

3G^2M^2 h^2c^2 ) from a binomial expansion. Then the change in ϕ in one orbit is Δϕ = ϕ − 2π = 6πG^2M^2/(h^2c^2) So orbits in GR are not (quite) closed. An elliptical orbit will have the closest point precess around. So first we need this consstant h = r^2ϕ̇ = r^22π/P where P is the period. In Newtonian this is P^2 = 2πr^3/(GM) so h^2 = r^4GM/r^3 = GMr so Δϕ = 6πG^2M^2/(GMrc^2) = 6πGM/(rc^2). For Mercury (closest planet so one in the strongest gravitational field, ie where this effect will be biggest) then r ∼ 5.2 × 10^{10}m so Δϕ = 5 × 10^{−7} radians per orbit. This is TINY!! but its also cumulative. One orbits precession is difficult to measure, but after 100 years ie 415 orbits then the point of closest approach (perihelion) has shifted by 0.01189 radians or 43 arcseconds. This is measurable, and was a well known problem in the 19th century that newtonian mechanics didn’t get the right answer for Mercury’s orbit. GR does!!!