2 Black Holes

We’ve seen that GR works in the wimpy weak field approximations. so lets see what it predicts in strong fields..... in particular something funny happens in the metric at r = 2m. the coordinate time interval → 0 and the radial interval → ∞. is this a true singularity or a coordinate one? eg in polar coordinates, using θ and ϕ on the surface of a sphere, then there is a coordinaet singularity at θ = 0, π i.e. at the poles. This is a single point for all values of ϕ so the coordinate mapping is not one-to-one. yet nothing PHYSICAL happens here. I could choose the origin for my coordinate system at any point on the surface of a sphere. so is the singularlity in the metric at r = 2m ’real’ or is it just a coordinate singularity?

2.1 Nature of the Event Horizon: radial geodesics

Go into a black hole on a radial free fall geodesic. Radial geodesic with dθ = dϕ = 0 c^2 = c^2(1 − 2m/r)ṫ^2 − (1 − 2m/r)^{−1}ṙ^2

Substitute in from the particle EL equation for t, (1 − 2m/r)ṫ = E = E_∞/(mc^2) and we get

ṙ^2 − c^2E^2 + c^2(1 − 2m/r) = 0

so the velocity depends on E, i.e. depends on whether it starts from rest and drops towards the hole, or whether its flung with some velocity towards the hole.

For a particle dropped at rest from r >> 2m then dt ≈ dτ so E^2 = (1 − 2m/r)ṫ ≈ 1 Substitute this back into our free fall geodesic and we have

ṙ^2 − c^2 + c^2(1 − 2m/r) = 0 ṙ = ±c(2m/r)^{1/2} We have to take a square root so we can have either sign for ṙ. Since particles fall down then it makes most sense to take the -ve one so

ṙ = dr dτ = − ( 2mc^2 r )_{1/2}

It looks the same as the standard Newtonian expression but here we are taking the derivative with respect to proper time τ NOT coordinate time t, and the radial coordinate is NOT the same as radial distance.

So we can now calculate how long it would take to fall in the gravitational field from r_1 to r_2. τ = ∫_{r2} r_1 dτ/drdr so τ = 1 c √ 2m ∫_{r1} r_2 r^{1/2}dr = 2 3c √ 2m (r^{3/2}_1 − r^{3/2}_2 )

THIS HAS NO SINGULARITY anywhere. so I can have r_1 = 10m and r_2 = 2m and find it takes proper time ∼ 13.6m/c (time as measured by a clock on this worldline) to fall to the horizon. It is smoothly varying across r = 2m and we could have done this with r_1 = 10m and r_2 = 0 and get proper time of 14.9m/c! so it doesn’t take too long to fall down to the singularity and be crushed out of existance. It is smoothly varying across r = 2m and we can do it again, taking r_1 = 2m and r_2 down to zero! and get proper time of 4m/3c! so it doesn’t take too long to fall down to the singularity!

But coordinate time is nothing like so nice. The Euler lagrange equation relates proper time and coordindate time for the particle, and this gives (1 − 2m/r)ṫ = E = 1 for a particle starting from rest at infinity so dt/dτ = 1/(1 − 2m/r) and the coordinate speed is dr dt = dr dτ dτ dt = −c( 2m r )^{1/2}(1 − 2m/r)

This drops to zero at r = 2m! So the coordinate time interval goes infinite as r → 2m. So it takes an infinite amount of coordinate time to fall to r = 2m!! We saw from the redshift argument that coordinate time intervals between 2 photons emitted at 1 radius are the same as the coordinate time intervals between 2 photons received at another radius, and also that at r → ∞ then dt → dτ so to an observer sitting a long way away the person falling into the black hole gets slower and slower as they approach the event horizon. They appear to hover on the horizon for ever, while any light/signals emitted from them gets infinitely redshifted as r_2 → 2m. The redshift (ie observed frequency) goes imaginary for r_2 < 2m. But E = hν so no light/energy can get out from within r = 2m.

2.2 Nature of event horizon: acceleration

What is happening at r = 2m ?? we can get some insight by looking at the acceleration. Dropping from rest at r = r_0 - substitute back in the metric to find the new value of E for this case.

(1 − 2m/r)c^2ṫ^2 − (1 − 2m/r)^{−1}ṙ^2 = c^2

(1 − 2m/r_0)c^2E^2/(1 − 2m/r_0)^2 = c^2 so E^2 = (1 − 2m/r_0). Put this back in the metric to find the COORDINATE speed. (1 − 2m/r)c^2 − (1 − 2m/r)^{−1} (dr dt )_2

= c^2

(1 − 2m/r)^2 (1 − 2m/r_0) (dr dt )_2

= c^2(1 − 2m/r)^2 ( 1 − 1 − 2m/r 1 − 2m/r_0 )

= c^2(1 − 2m/r)^2 2m/r − 2m/r_0 1 − 2m/r_0 dr dt = −c(1 − 2m/r) (2m/r − 2m/r_0 1 − 2m/r_0 )_{1/2} As this falls past a STATIONARY observer at r then we know how to relate proper distance, dR_s, and proper time dτ_s to coordinate time intervals by the metric dR_s = (1 − 2m/r)^{−1/2}dr and dτ_s = (1 − 2m/r)^{1/2}dt. so this observer measures a proper velocity dR_s dτ_s = dR_s dr dr dt dt dτ_s = (1−2m/r)^{−1} dr dt = −c(1−2m/r) ( 2m/r − 2m/r_0 1 − 2m/r_0 )_{1/2} (1−2m/r)^{−1}

= −c ( 2m/r − 2m/r_0 1 − 2m/r_0 )_{1/2} so if the observer is at r = 2m they see the particle falling at the speed of light, irrespective of the r_0 from which it was dropped. So even if r_0 = 2m+ϵ where ϵ << 1 then by r = 2m the particle is traveling at c. since it goes from rest to c then the acceleration goes infinite at r = 2m. there are infinite accelerations measured by a stationary observer - which just goes to show that the point is that there ARE NO stationary observers possible at r = 2m. you cannot stay still at the horizon, and watch things come past, you HAVE to move downwards.

2.3 Nature of the The Event Horizon

Lets pull it all together. At r = 2m there is infinite acceleration, so no such thing as fixed anything. So its NOT just a coordinate singularity, physically there is something going on here, and this is supported by an observer at infinity watching an infalling particle - they see it initially accelerate towards the hole but as it gets closer then it slows down and appears to STOP at the horizon. But its not a true singularity - on an infalling particle it takes a finite time to get to r = 0 rather than running into any real barrier at r = 2m.

The way to think about this is to look at the scalar we can form from the Riemman curvature tensor R_{μνσρ}R^{μνσρ}. This is NOT the same as the scalar we formed from contracting the Ricci tensor R^μ_{mu} = g_{μν} R^{μν} - We saw that for empty space outside a gravitating body then this (and the Ricci tensor itself) were ZERO as the stress energy tensor and scalar are zero if space is EMPTY and the Einstein equations can be written R^{μν} = κ(T^{μν} −^1_2 g^{μν} T ). But the ricci tensor is a contraction of the full Riemann curvature and it is NOT necessarily true that all components of the Riemann curvature are zero if R^{μν} = 0 - there is real curvature of spacetime (there has to be as this is GRAVITY). This Riemann curvature scalar ∝ r^{−6}. There IS a true curvature singularity, and its at r = 0 as expected.

If we draw the curvature of spacetime (rather than an embedding diagram which shows proper distance versus r) then we can see whats going on. Any freefalling observer is in an inertial frame - we can draw a flat bit of spacetime which is tangent to the spacetime curvature at that point. and since time is orthoganal to space then we can use this to define the t axis. and lightcones make a 45 degree angle as normal - its all locally intertial and fine and special relativity works, but its TILTED with respect to ∞ due to the spacetime curvature. at r = 2m the tilt is 45 degrees, so light DOES NOT GET OUT. There is no way that lightcones can get out to infinity - they simply don’t connect. so a black hole is simply spacetime so curved that not even light can get out.