2 Mathematical Background

2.1 Introduction

So, we have to do curved spacetime. There are some very powerful mathematical techniques for handling arbitrary curved spaces. They are nasty, but we want to understand gravity, so we have to persevere. This gets us into differential geometry, of which we will do AS MUCH AS WE NEED (no more, no less) to do gravity. We want to be able to characterise the curvature of spacetime which is associated with the presence of mass-energy.

Another separate thing we need is to be able to write equations so that we can transform easily between frames (geodesic paths in curved spacetime are inertial frames. We can write down the equations of physics ie the equations of special relativity in these inertial frames, then transform coordinates out of these into an arbitrary frame and we automatically account for gravity!). Turns out we can do BOTH curvature and coordinate transformations of equations by using TENSORS.

2.2 Notation

First lets start with standard vectors ⃗r = xi +yj +zk in standard cartesian coordinates. This notation is incredibly clumsy. So we’re going to use instead a much more powerful and very compact notation. Axes are labeled by indices so {x, y, z} = {x^1, x^2, x^3} where the superscripts DO NOT MEAN ’raised to the power’ but instead pick out the components along the x, y and z axes i.e. along the i,j,k directions which we are now going to call ⃗e_1, ⃗e_2, ⃗e_3. If we need to raise to the power we will make it obvious e.g (x^1)^3. Then we can write this as ⃗r = x^1 ⃗e_1 + x^2 ⃗e_2 + x^3 ⃗e_3

It doesn’t look much better yet. But we are going to get very sick of writing all the coordinates so we’re going to use shorthand notation that {x^i} means all of the {x^1, x^2, x^3}. We’re also going to use the Einstein summation convection: whereever an expression contains one index as a superscript and the SAME index as a subscript then the summation is implied. So our vector

⃗r = x^1 ⃗e_1 + x^2 ⃗e_2 + x^3 ⃗e_3 = x^i ⃗e_i = Σ^3_{j=1}x^j ⃗e_j = x^j⃗e_j

It really doesn’t matter what we call the index we sum over - if it occurs in the sum, we sum over it, whatever it is! But we’ll have a convention that roman letters from the middle of the alphabet go from 1-3 (3D space, i,j...), while roman letters from the start of the alphabet (a,b,c...) mean {x^1, x^2..x^N } - any N dimensional space and capital roman letters from the start of the alphabet (A,B....) mean 2D space. Greek letters are for spacetime, and go from 0-3, so {x^0, x^1, x^2, x^3} where x^0 = ct, and {x^i} = {x, y, z}.

Once we have picked a given space(time) then we might do coordinate transformations within this. Up till now you’ve often seen this denoted as the primed coordinate frame, with the prime on the kernal letter, e.g. x^′ = γ(x − vct/c) as the Lorentz transformation for the x coordinate I’m going to put a bar on the index to denote a transformation to a different frame (a prime can all to easily get mistaken for a 1, and I’m going to do it on the individual indices rather than on the kernal letter as we’re going to generalise to things with more than 1 index...!!) so it looks like x^1 = γ(x^1 − vx^0/c).

2.3 Generalised coordinates in N dimensions

Lets now think about more general spaces which have arbitrary curvature. Define a point P in some space, and another point a little further on called R. These points have NOTHING to do with the coordinate system. They exist irrespective of the labels we give them. Coordinates just make them easier to handle. So lets take two points, P and R, and look at the displacement vector which points from one event to another whose components are the coordinate differences. A key property of tensors is that their representations in different coordinate systems depend only on the relative orientations and scales on the coordinate axes at that point and NOT on the absolute values of coordinates. So thats why we used the differential position vector not the absolute position vector from the origin to a point. This VECTOR, connecting them, ⃗r, will be the same in all coordinate systems, though its components will be different depending on our choice of coordinates.

⃗r = x^1 ⃗e_1 + x^2 ⃗e_2 + ... = x^a ⃗e_a

is an arrow pointing from P to R, with components x^a along whatever basis vectors ⃗e_a = ∂⃗r/∂x^a we are using (they don’t have to be rectilinear or orthoganal).

Now transform to a different coordinate system - the vector is the SAME vector. We can write the new (primed) coordinates, as function of the old (unprimed) ones so x^a = x^a(x^b). (our conventions mean that this expands to N equations):

x^1 = x^1(x^1, x^2....x^N ) x^2 = x^2(x^1, x^2...x^N ) If this insead was about a fundtion f = f(x^1, x^2...x^N ) then we would instantly know how to do a total differential in terms of the partial differentials.

Δf = ∂f ∂x^1 Δx^1 + ∂f ∂x^2 Δx^2 + .... ∂f ∂x^N Δx^N = ∂f ∂x^a Δx^a so we can write our coordinate transformations as (the N equations!)

Δx^b = ∂x^b ∂x^a Δx^a where there are N^2 separate ∂x^b/∂x^a. In the limit of infinitesimals this goes to dx^b = ∂x^b ∂x^a dx^a A superscript index on the denominator counts the same in the summation convention as a subscript on the numerator.

2.4 Example: Spherical polar coordinates

we KNOW how to do coordinate transformations. eg for any point in a 3D space we can write ⃗r = xi + yj + zk where i,j,k are simply the basis vectors along the x,y,z axes. we can transform to spherical polar coordinates where x = r sin θ cos ϕ and y = r sin θ sin ϕ and z = r cos θ. This is the old coordinates x,y,z i.e. x^i written as functions of the new i.e. r, θ, ϕ i.e. x^j . then the new basis vectors along the new coordinate directions are

⃗e_1 = ⃗e_r = ∂⃗r ∂r = sin θ cos ϕ i + sin θ sin ϕ j + cos θ k

⃗e_2 = ⃗e_θ = ∂⃗r ∂θ = r cos θ cos ϕ i + r cos θ sin ϕ j − r sin θk

⃗e_3 = ⃗e_ϕ = ∂⃗r ∂ϕ = −r sin θ sin ϕ i + r sin θ cos ϕ j

2.5 Contravariant tensors of 1st order (4 vectors)

Entities which transform like the coordinate differences are called contravarient tensors of first order, or (1,0) tensors. They are defined by their transformation properties. If ⃗A = A^a ⃗e_a has components which transform as

A^b = ∂x^b ∂x^a A^a then it is a contravariant tensor - things like 4-velocity, momentum, 4-force etc all transform like this.

2.6 What about the basis vectors?

Back to the position vector ⃗r = x^a⃗e_a = x^b ⃗e_b Old basis vectors are ⃗e_a = ∂⃗r/∂x^a. New ones are again the tangents to the coordinate curves so

e_b = ∂⃗r ∂x^b = ∂⃗r ∂x^a ∂x^a ∂x^b = ∂x^a ∂x^b ⃗e_a where the second step is simply the chain rule. This is a bit different. Our basis vectors don’t transform like the coordinate differences i.e. like contravarient tensors which have A^b = ∂x^b/∂x^aA^a - they go the other way (derivative of the old with respect to the new, whereas the components of the vectors - contravarient tensors of first order - transformed as the derivatives of the new with respect to the old). So this looks more like a INVERSE transformation if we were talking about coordinates.

Lets look at this in some more detail by looking at the inverse transformations (from primed to unprimed frame). They are done in much the same way as the transformations we wrote before from the unprimed to primed frames.

Δx^a = Δx^a(Δx^b)

Δx^a = ∂x^a ∂x^b Δx^b or in the infinitesimal limit dx^a = ∂x^a ∂x^b dx^b and yes, we can see that the change in basis vectors from the unprimed to primed frame goes like the coordinate differences from the primed to unprimed frame! So they don’t transform like the coordinate differences, they transfrom like the INVERSE of the coordinate differences.

2.7 More on contravariant tensors

⃗A and ⃗B are both first order contravariant (1,0) tensors. ⃗C = a ⃗A+b ⃗B (where a and b are constants). Is ⃗C also first order contravariant tensor? To answer this we must find out how its components transform. ie how C^d relate to C^e.

C^d = aA^d + bB^d = a ∂x^d ∂x^e A^e + b ∂x^d ∂x^e B^e = ∂x^d ∂x^e (aA^e + bB^e) = ∂x^d ∂x^e C^e So the components C^e transform like a (1,0) tensor, so it IS a (1,0) tensor! And we see that tensors are linear.

Now lets think about other things we can do. What is T^{ab} = A^aB^b?

T^{cd} = A^cB^d = ∂x^c ∂x^e A^e ∂x^d ∂x^f B^f = ∂x^c ∂x^e ∂x^d ∂x^f A^eB^f = ∂x^c ∂x^e ∂x^d ∂x^f T^{ef} This transforms like 2 powers of the coordinate differentials so we call it a second order covariant tensor or (2,0). Getting higher order tensors from lower order ones in this way is called an outer product.

2.8 Covariant tensors of first order

Quantities which transform as the inverse of the coordinate differences are not just limited to the basis vectors. If we go back into 3D and look at how the components of a scalar field ϕ(x^i) transform. Scalar fields are just numbers at a given point. whatever coordinates you give the point makes no change in the number. But its gradient will change depending on coordinate system (because we take gradients as change in number over some coordiante distance). Its gradient is simply ∇ϕ(x^i) which has components ∂ϕ ∂x^i so go to another frame with primed coordindates and look at ∇ϕ(x^j) which has components ∂ϕ ∂x^j = ∂ϕ ∂x^i ∂x^i ∂x^j so the gradient is NOT a contravariant tensor. So there are physical quantities we will need to describe which are NOT contravarient. Gradients have components which transform the other way to the way a contravariant tensor transforms. Goes as old wrt new not new wrt old i.e. like the normal basis vectors. We call things that transform like this COVARIANT vectors (also called (0,1) tensors or covariant tensors of the first kind/order, or one forms) and we denote these by a lower index on the components (like the normal basis vectors are denoted by a lower index), and transformation laws for the components (now in generalised N dimensions) are:

A_b = ∂x^a ∂x^b A_a