2.9 Kronekar delta

The difference in position vector between two points P and Q (something which MUST be the same in any frame) Δx^a⃗e_a = Δx^b⃗e_b The coordinate differences transformed as Δx^b = ∂x^b/∂x^aΔx^a. Substitute this into the equation of ⃗r and get that the basis vectors transform as ⃗e_b = ∂x^a/∂x^b⃗e_a. This means that any quantity ⃗A = A^a⃗e_a in another frame,

A^b ⃗e_b = ∂x^b ∂x^a A^a ∂x^d ∂x^b ⃗e_d where we changed a to d in the implied sum for the basis vectors as we’ve already used a - we can call them anything we like in a sum, but they are BOTH sums. So finally we get ∂x^d ∂x^a A^a⃗e_d = δ^d_a A^a⃗e_d = A^a⃗e_a where the δ^a_b = 1 for a = b and 0 otherwise is termed the Kronekar delta function. So if we have something that transforms as the coordinate differences, then this means its tensor equation looks the same in ANY frame!!!

A quick way to see if you have dropped any indices is to count them - cancel out the indices which have an impled sum, and then the indices we have on the left hand side MUST be equal to the indices we have on the right.

2.10 Metric tensor - 2nd order covariant tensor

Lets go back to our generalised differential position vector again ⃗Δx = Δx^a ⃗e_a This is telling us the distance between the two points. We can get the length of this vector via the dot product ds^2 = ⃗Δx. ⃗Δx = dx^a ⃗e_a.dx^b ⃗e_b = ⃗e_a.⃗e_bdx^adx^b = g_{ab}dx^adx^b where g_{ab} = ⃗e_a.⃗e_b is called the metric. Its transformation under coordinate change can be seen as we derived the basis vector transformations ⃗e_a.⃗e_b = ∂x^c ∂x^a ⃗e_c. ∂x^d ∂x^b ⃗e_d = ∂x^c ∂x^a ∂x^d ∂x^b ⃗e_c.⃗e_d So the components transform like the basis vectors twice - called covariant tensor of second order - this is the METRIC tensor and its wildly important in everything that we are going to do next, because it includes what happens to distances (spacetime intervals!!) if the space is curved.

From its definition in terms of the dot product of basis vectors then we can see that g_{ab} = g_{ba}, ie that it is symmetric. It is basically a rule for taking two vectors and getting a single number out.

2.11 Example metric for the surface of a sphere

I’ve said that the machinary we’ve developed is very general - we can use it on spaces of arbitrary curvature as well as flat Euclidean spaces. So lets see it at work on a CURVED surface - the surface of a sphere. Here we are embedding a 2D curved surface into a 3D Euclidean geometry. So we have ⃗r = xi+yj+zk=x^i ⃗e_i. Now transform coordinates to the surface of a sphere of radius a where a point can be parameterised in terms of θ = x^1 and ϕ = x^2 on the surface where x = a sin θ cos ϕ, y = a sin θ sin ϕ, z = a cos θ. so now we can write ⃗r = x^Ae_A where I’m using the convention that capital roman letters mean a 2D space. So lets write the coordinate transformation as primed coordinates to make it all look like the stuff we’ve been dealing with so

x^1 = a sin x^1 cos x^2 x^2 = a sin x^1 sin x^2 x^3 = a cos x^1 the new basis vectors (the ones along the surface of the sphere) are

e_A = ∂⃗r ∂x^A = ∂x^i ∂x^A ⃗e_i so for the x^1 i.e. θ coordinate we have

e_θ = ∂x^1 ∂θ ⃗e_1 + ∂x^2 ∂θ ⃗e_2 + ∂x^3 ∂θ ⃗e_3 = a cos θ cos ϕ⃗e_1 + a cos θ sin ϕ⃗e_2 − a sin θ ⃗e_3 or more simply ⃗e_θ = a cos θ cos ϕi+a cos θ sin ϕj−a sin θk. Similarly

e_ϕ = ∂x^1 ∂ϕ ⃗e_1 + ∂x^2 ∂ϕ ⃗e_2 + ∂x^3 ∂ϕ ⃗e_3 = −a sin θ sin ϕ⃗e_1 + a sin θ cos ϕ⃗e_2

or more simply ⃗e_ϕ = −a sin θ sin ϕi+a sin θ cos ϕj.

The metric tensor components are then the dot products of the basis vectors so

g_{θθ} = ⃗e_θ.⃗e_θ = a^2 cos^2 θ cos^2 ϕ + a^2 cos^2 θ sin^2 ϕ + a^2 sin^2 θ = a^2

g_{θϕ} = ⃗e_θ. ⃗e_ϕ = −a^2 cos θ cos ϕ sin θ sin ϕ + a^2 cos θ sin ϕ sin θ cos ϕ = 0

g_{ϕϕ} = ⃗e_ϕ. ⃗e_ϕ = a^2 sin^2 θ sin^2 ϕ + a^2 sin^2 θ cos^2 ϕ = a^2 sin^2 θ

So the line element showing us how distance relates to changing coordinates on the surface of a sphere is the familiar one

ds^2 = g_{AB} dx^Adx^B = a^2(dθ)^2 + a^2 sin^2 θ(dϕ)^2 = a^2dθ^2 + r^2 sin^2 θdϕ^2

Curvature is completely defined by the metric tensor! its the property of the space, how distance relates to position. BUT, we still have a way to go as this is NOT the sort of way we want to define curvature. it contains the important information about the real curvature BUT it also contains extraneous information about the coordinate system we are using. eg the the 2D flat space metric is ds^2 = dx^2 + dy^2, where g_{AB} = diag(1, 1) in cartesian coordinates. so can we say the space is curved if the components of the metric tensor are NOT the unit matrix? NO!! becasue we could instead have chosen to write a 2D flat space in POLAR coordinates, where x = r cos θ y = r sin θ which gives ds^2 = dr^2 + r^2dθ^2. At first sight you might look at this and think that it represents a curved surface as distances are no longer doing a Pythagoros law - the metric tensor components are not given by a diagonal, unit matrix. BUT - there exists a coordinate transformation that gets us back to a metric in the form of ds^2 = dx^2 + dy^2 - the underlying space is FLAT. The difference for our surface of the sphere is that there is no transformation we can make to get this metric back to ds^2 = dx^2 + dy^2. This surface of a sphere metric represents space which is intrinscally CURVED. But its not necessarily immediately apparent from the components of the metric tensor which ones will allow coordinate transformations to get us to the unit matrix.

2.12 Basis vectors for covariant components

We got the basis vectors for the contravariant components by getting the vectors tangent to the coordinate curves. We’ve been working with these basis vectors which define a tangent space T_P at P. A contravariant vector ⃗λ = λa ⃗e_a is an arrow emmanating from P - its not in the manifold like the curve is in the manifold, but is attached to it like the tangent space is attached to a surface.

But we could instead have defined a set of basis vectors by the vectors which were normal to the coordinate surfaces rather than tangent to the coordinate curves. We get a coordinate surface by holding that coordinate constant. and then we want to get the normal to this surface. We get normals by taking the GRADIENT. We can regard each coordinate as a scalar field Then the vector perpendicular to this scalar field is ⃗e^a = ∇x^a. And if we do a transformation of coordinates x^b = x^b(x^a) then these basis components transform as ⃗e_b = ∇xb = ∂x^b ∂x^a ∇x^a = ∂x^b ∂x^a ⃗e^a i.e. these transform in the opposite way to our tangent basis vectors.

This gives us another vector space of the manifold - call it T^∗_P the dual or cotangent space of the manifold at P. The basis vectors themselves look identical if we have an orthonormal set of coordinates (they don’t have to be reclilinear, just be 90 degrees where they meet). BUT THEY ARE NOT IDENTICAL IF THE COORDINATES ARE NOT ORTHOGANAL.