3.3 Christoffel symbols and the metric (continued)

last lecture we saw that

2Γ^d_{ca}g_{db} = ∂g_{ab} ∂x^c + ∂g_{bc} ∂x^a − ∂g_{ca} ∂x^b we can make this *slightly( simpler by multipling by^1_2 g^{fb} to get

Γ^f_{ca} = 1 2 g^{fb}( ∂g_{ab} ∂x^c + ∂g_{bc} ∂x^a − ∂g_{ca} ∂x^b ) So we can calculate these horrors!!

3.4 notes on notation!

partial derivative ∂A^a/∂x^c = ∂_cA^a = A^a_{,c} (I won’t use the latter as its too easy to lose a comma!)

covariant derivative ∇_cA^a = A^a_{;c} (I will use the semicolon notation because physicists tend to freeze when they see del!!) absolute derivative ∇_{⃗u}A^a = DA^a/du Christoffel symbols (or connection coefficients) Γ^a_{bc} or {_a bc } or {a, bc} 3.5 Example: flat space

The metric for flat space DOES NOT DEPEND ON POSITION. So whatever coordinates we use (cartesian or spherical polar) gives that the partial derivatives of the metric are ZERO. so Γ^a_{bc} = 0.

3.6 Example: surface of a sphere

We had previously worked out the basis vectors for the surface of a sphere of radius a and the metric (section 2.10) so I’ll just repeat them here, working in coordinates where x^1 = θ, x^2 = ϕ. Then

⃗e_1 = ⃗e_θ = a cos θ cos ϕi + a cos θ sin ϕj − a sin θk and ⃗e_2 = ⃗e_ϕ = −a sin θ sin ϕi + a sin θ cos ϕj giving ds^2 = a^2dθ^2 + a^2 sin^2 θdϕ^2 i.e. g_{AB} = diag(a^2, a^2 sin^2 θ). so the metric IS a function of coordinates - its got an x^1 = θ term but no x^2 = ϕ term. So all the ∂_C g_{AB} = 0 for C = 2 ie ∂_ϕg_{AB} = 0, but all the terms involving ∂_1g_{22} = ∂_θg_{ϕϕ} = 2a^2 sin θ cos θ need to be included.

Christoffel symbols are defined as Γ^f_{ca} = 1 2 g^{fb}(∂_cg_{ab} + ∂_ag_{bc} − ∂_bg_{ca}) so we need to also find the covariant metric components g^{AB} from g^{AB}g_{BC} = δ^A_C . In general this leads to a set of simultaneous equations to solve g^{AB}g_{BC} = g^{A1}g_{1C} + g^{A2}g_{2C} = δ^A_C BUT for diagonal metrics we don’t have to do a matrix inverse to solve these! in a diagonal metric all cross terms are zero so we get g^{AB}g_{BA} = g^{AA}g_{AA} = 1 or g^{AA} = 1/g_{AA} ONLY FOR DIAGONAL METRICS! g^{AB} = diag[1/a^2, 1/(a^2 sin^2 θ)] So in our 2D space we have Γ^θ_θ = 1/2g^{θB}(∂_θg_{θB} + ∂_θg_{Bθ} − ∂_B g_{θθ}) as g^{θB} = 0 except for B = θ then this collapses to

Γ^θ_θ = 1/2g^{θθ}(∂_θg_{θθ} + ∂_θg_{θθ} − ∂_θg_{θθ}) = 1/2 . 1/a^2 . 0 = 0 Γ^θ_ϕ = Γ^θ_{ϕθ} = 1/2g^{θB}(∂_ϕg_{θB} + ∂_θg_{Bϕ} − ∂_B g_{θϕ}) again g^{θB} is only nonzero for B = θ since the metric is diagonal so Γ^θ_ϕ = Γ^θ_ϕ = 1/2g^{θθ}(∂_ϕg_{θθ} + ∂_θg_{θθ} − ∂_θg_{θϕ}) = 1/2 . 1/a^2 . 0 = 0

Γ^θ_{ϕϕ} = 1/2g^{θB}(∂_ϕg_{ϕB} + ∂_ϕg_{Bϕ} − ∂_B g_{ϕϕ}) = 1/2 . 1/a^2(0 + 0 − ∂_θg_{ϕϕ}) = 1/2 . 1/a^2(−2a^2 sin θ cos θ) = − sin θ cos θ Γ^ϕ_{θθ} = 1/2g^{ϕB}(∂_θg_{θB} + ∂_θg_{Bθ} − ∂_B g_{θθ}) = 1/2g^{ϕϕ}(∂_θg_{θϕ} + ∂_θg_{θϕ} − ∂_ϕg_{θθ}) = 0 Γ^ϕ_{θϕ} = Γ^ϕ_θ = 1/2g^{ϕB}(∂_ϕg_{θB} + ∂_θg_{Bϕ} − ∂_B g_{θϕ}) = 1/2g^{ϕϕ}(∂_ϕg_{θϕ} + ∂_θg_{ϕϕ} − ∂_ϕg_{θϕ}) = 1/2 1/(a^2 sin^2 θ)∂_θg_{ϕϕ} = 1/2 1/(a^2 sin^2 θ)2a^2 sin θ cos θ = cot θ Γ^ϕ_ϕ = 1/2g^{ϕB}(∂_ϕg_{ϕϕ} + ∂_ϕg_{ϕϕ} − ∂_ϕg_{ϕϕ}) = 0

3.7 Geodesic equations

And now we have everything we need to get the geodesic paths (intertial frames). We could define a geodesic as the shortest distance between two points but actually its easier to start from another property which is that they are the ’natural’ paths taken by ants crawling across the surface (left feet, right feet, middle feet). Taking even steps means that the path is always tangent to the surface. In mathematical language this is related to parallel transport - geodesics are curves which parallel transport their tangent vectors. In effect this is saying that the geodesics have tangent vectors all pointing along tangents to the spatial curvature.

Suppose we take some path u and look its tangent vector ⃗τ to any point on the curve ⃗r(u) = x^a(u)⃗e_a. ⃗τ = d⃗r du = ∂⃗r ∂x^a dx^a du = dx^a du ⃗e_a as basis vectors are defined as ∂⃗r/∂x^a = ⃗e_a. So the components τ^a = dx^a/du. From the parallel transport equation above, parallel transport implies dτ^a du + τ^bΓ^a_{bc} dx^c du = 0 substitute inτ^a = dx^a/du from the definition of tangent vector and this becomes d^2x^a du^2 + Γ^a_{bc} dx^b du dx^c du = 0 This works for any parameter linearly related to path length s = A + Bu so the affinely parameterized geodesic equation in an N dimensional manifold is d^2x^a ds^2 + Γ^a_{bc} dx^b ds dx^c ds = 0 or in slighly cleaner notation, where dot denotes derivative w.r.t. s

ẍ^a + Γ^a_{bc}ẋ^bẋ^c = 0

So now we know how to do geodesic paths, as well as derivatives.

3.8 Example: Geodesics in flat space

we saw that in flat space all the Γ^i_{jk} = 0 so the geodesic equations become ẍ^a = 0 integrate to get ẋ^a = A and x^a = Ax^a + B so geodsics in flat space have constant velocity and direction - Newtonian inertial frame (constant motion, straight line!)