3.13 Geodesics in weakly curved space = Newtonian gravity!

Now lets go apply some of some of this new found knowledge of Christoffel symbols to REAL PHYSICS! Suppose we are looking at a material particle in free fall. It goes along a geodesic so

d^2x^α du^2 + Γ^α_{βγ} dx^β du dx^γ du = 0 where u is an affine parameter, linearly related to path length s. well, proper time τ is an affine parameter as c^2dτ^2 = ds^2 so

d^2x^α dτ^2 + Γ^α_{βγ} dx^β dτ dx^γ dτ = 0 d^2x^α dτ^2 = −Γ^α_{βγ} dx^β dτ dx^γ dτ Left hand side is acceleration - so the right hand side must be gravity! Go to the Newtonian limit in a stationary gravitational field, and v ≪ c, then dx^0/dτ = cdt/dτ ∼ c while dx^i/dτ = v^idt/dτ ∼ v ≪ c so we can neglect the spatial derivatives in comparison to the time ones.

d^2x^α dτ^2 ≈ −Γ^α_{00} dx^0 dτ dx^0 dτ = −c^2Γ^α_{00} ( dt dτ )_2

≈ −c^2Γ^α_{00}

The field is stationary (in time) so ∂g_{μν} /∂x^0 = 0 i.e. only the spatial derivatives of the metric can matter.

Γ^f_{ca} = 1 2 g^{fb}(∂_cg_{ab} + ∂_ag_{bc} − ∂_bg_{ca}) Γ^α_{00} = 1 2 g^{αβ}(∂_0g_{0β} + ∂_0g_{β0} − ∂_β g_{00}) = − 1 2 g^{αβ}∂_β g_{00}

If the field is weak then we can write the metric as s sum of the flat spacetime metric which we’ll now call η_{αβ} = diag(1, −1, −1, −1) plus some little perturbation: g_{αβ} = η_{αβ} + h_{αβ} so

Γ^α_{00} = − 1 2 g^{αβ}∂_βg_{00} = − 1 2 (η^{αβ} + h^{αβ})∂_β (g_{00} + h_{00}) ≈ − 1 2 η^{αβ}∂_β h_{00}

But we said there is no time derivative so we can go to 3D rather than 4D and the metric is diagonal so

Γ^i_{00} = − 1 2 η^{ii}∂_ih_{00} The geodesic (equation of motion) becomes

d^2x^α dτ^2 ≈ d^2x^α dt^2 ≈ c^2 2 η^{ii}∂_ih_{00} = ∇(−c^2h_{00}/2)

But we know that if we are a distance r from a star of mass M then we measure an acceleration (per unit mass) of

d^2x^i dt = ∇ − ϕ ϕ = −GM/r so h_{00} = 2ϕ c^2

+ const = 2ϕ c^2 as for r → ∞ then ϕ → 0 and g_{αβ} → η_{αβ} so h_{00} → 0. So this gives us

g_{00} = η_{00} + h_{00} = 1 + 2ϕ c^2

= 1 − 2GM/(c^2r)

So we started from our geodesic equation which only told us about curved space. But we ended up with something that looks exactly like gravity!

3.14 Summary: Tensor derivatives

Absolute derivative of a contravariant tensor over some path Dλ^a du = dλ^a du + λ^bΓ^a_{bc} dx^c du gives a tensor field of same type (contravariant first order) in this case. The first bit takes into account both real physical changes in λ^a AND the way the curvature of the space can swing the vector while the second one takes out the swinging the vector from the curvature of space alone. So if there is no physical change then Dλ^a/du = 0 and the vector is simply parallelly transported. Absolute derivative obeys all the normal rules for derivatives so D(λ^a + kμ^a)/du = D(λ^a)/du + kD(μ^a)/du (linear) and D(λ^aμ^a)/du = μ^aD(λ^a)/du + λ^aD(μ^a)/du (Leibniz’ rule). Absolute derivative of a scalar

There is no space swing with a simple number, ϕ. so Dϕ/du = dϕ/du Absolute derivative of covariant tensors Dϕ/du = dϕ/du so let ϕ = λ^aμ_a then Dϕ du = dϕ du = D(λ^aμ_a) du = μ_a Dλ^a du + λ^a Dμ_a du d(λ^aμ_a) du = μ_a (dλ^a du + λ^bΓ^a_{bc} dx^c du ) + λ^a Dμ_a du λ^a dμ_a du + μ_a dλ^a du = μ_a dλ^a du + μ_aλ^bΓ^a_{bc} dx^c du + λ^a Dμ_a du λ^a Dμ_a du = λ^a dμ_a du − μ_aλ^bΓ^a_{bc} dx^c du do some index manipulation and get Dμ_a du = dμ_a du − Γ^b_{ac}μ_b dx^c du Absolute derivative of higher order tensors

For example, to get the absolute derivative of a mixed tensor τ^a_b then look at the special case where τ^a_b = λ^aμ_b Dτ^a_b du = λ^a Dμ_b du + μ_b Dλ^a du = λ^a( dμ_b du − Γ^d_{bc}μ_d dx^c du ) + μ_b( dλ^a du + Γ^a_{dc}λ^d dx^c du )

= d(λ^aμ_b) du + μ_bΓ^a_{dc}λ^d dx^c du − λ^aΓ^d_{bc}μ_d dx^c du = d(τ^a_b ) du + Γ^a_{dc}τ^d_b − Γ^d_{bc}τ^a_d dx^c du Covariant derivative

λ^a_{;c} = ∂λ^a ∂x^c + Γ^a_{bc}λ^b

rules are as above, so for a second order contravariant tensor we have

τ^{ab}_{;c} = (λ^aμ^b)_{;c} = λ^a_{;c}μ_b + λ^aμ_{b;c}

= ∂λ^a ∂x^c μ^b + Γ^a_{dc}λ^dμ^b + λ^a ∂μ^b ∂x^c + λ^aΓ^b_{dc}μ^d = ∂_cτ^{ab} + Γ^a_{dc}τ^{db} + Γ^b_{dc}τ^{ad}

similarly for covariant λ_{ab;c} = ∂λ_{ab} ∂x^c − Γ^d_{ac}λ_{db} − Γ^d_{bc}λ_{ad} Covariant differention forms a tensor field of 1 higher covariant order than the original tensor field.

Covariant derivative of the metric

In getting the Christoffel symbols (section 3.4) in terms of the metric we had ∂g_{ab} ∂x^c = ∂ ⃗e_a.⃗e_b ∂x^c = ∂ ⃗e_a ∂x^c .⃗e_b + ⃗e_a. ∂ ⃗e_b ∂x^c = Γ^d_{ac} ⃗e_d.⃗e_b + ⃗e_a.⃗e_dΓ^d_{bc} = Γ^d_{ac}g_{db} + Γ^d_{bc}g_{ad} rearrange this to get ∂g_{ab} ∂x^c − Γ^d_{ac}g_{db} − Γ^d_{bc}g_{ad} = 0

but this is the definition of the covariant derivative of a second order covarient tensor. so g_{ab;c} = 0, and we can similarly get that g^{ab}_{;c} = 0. This means that index raising and lowering can be swapped in and out of covariant differention. R^a = g^{ab}R_b. Then R^a_{;c} = (g^{ab}R_b)_{;c} = g^{ab}_{;c} R_b + g^{ab}R_{b;c} = g^{ab}R_{b;c}