
PHYS2581 Foundations2A: examples class 7 solution

(a)

E1

1
=

∫

ψ0∗

100
H ′ψ0

100
dx =

1

πa3

∫ ∫ ∫

e−r/a − eEextr cos θe−r/ar2 sin θdθdφ

=
−eEext

πa3

∫ ∫

e−2r/ar3

∫ π

0

cos θ sin θdθdrdφ

but
∫ π

0

cos θ sin θdθ = [−1

2
cos2 θ]π

0
= −1

2
cos2 0 +

1

2
cos2 π = 0

so there is no first order correction

(b: 200)
∫

ψ0∗

200
H ′ψ0

100
dV = −eEext

∫ ∫ ∫

ψ∗

200
r cos θψ100r

2 sin θdrdθdφ

neither ψ0∗

200
nor ψ100 has any θ dependence so the θ integral is

∫ π
0

cos θ sin θdθ = 0
as before so there is no contribution from this term.

(b: 211) the θ integral of ψ0∗

211
H ′ψ100 is

∫ π

0

sin θ cos θ sin θdθ = [
1

3
sin3 θ]π

0
= 0

so there is no contribution from this either.

(b: 21-1) same integral as above for ψ211.

(b: 210) the θ integral for
∫

ψ0∗

210
H ′ψ100dV is

∫ π

0

cos2 θ sin θdθ = [−1

3
cos3 θ]π

0
= −1

3
(−1)3 +

1

3
(1)3 =

2

3

so this one we need to calculate in full!
∫

ψ0∗

210
H ′ψ0

100
dV

=
1

4
√

2πa3

√

1

πa3

∫ ∫ ∫

r

a
e−r/2a − eEextr cos θe−r/ar2 sin θdrdθdφ

=
−eEext

4
√

2

1

πa4
2π

2

3

∫

re−r/2are−r/ar2dr

=
−eEext√

2

1

3a4

∫

e−3r/2ar4dr

=
−eEext√

2

1

3a4

4!

(3/2a)5

=
−eEext√

2

a

3

4.3.2.25

35
=

−eEexta√
2

28

35
= −27

√
2

35
eEexta

so the first term of

E2

1
= |−eEexta2

7
√

2

35
|2 1

E0
1 −E0

2

=
e2E2

exta
2215

310

1

E0
1 −E0

1/4
=
e2E2

exta
2217

311E0

1



(c)

∫

ψ0

310
H ′ψ0∗

100
dV = −eEext

∫ ∫ ∫

ψ∗

310
r cos θψ100r

2 sin θdrdθdφ

= −eEext
2

27

√
2

πa3

∫ ∫ ∫

(1 − r

6a
)
r

a
e−r/3a cos θr cos θe−r/ar2 sin θdrdθdφ

= −eEext
2

27

√
2

πa4
2π

∫ ∫

(1 − r

6a
)r4e−4r/3a cos2 θ sin θdrdθ

−eEext
4

27

√
2

a4

2

3

∫

(1 − r

6a
)r4e−4r/3adr

= −eEext
8
√

2

34

1

a4

(

∫

r4e−4r/3adr − 1

6a

∫

r5e−4r/3adr
)

= −eEext
8
√

2

34

1

a4

( 4!

(4/3a)5
− 1

6a

5!

(4/3a)6

)

= −eEext
8
√

2

34

1

a4

(

a5
4.3.2.35

45
− a5

5.4.3.2.36

6.46

)

= −eEext
8
√

2

34
a
(36

27
− 5.36

210

)

= −eEext
8
√

2

34
a
(23.36

210
− 5.36

210

)

= −eEext
8
√

2

34
a

36

210
(23 − 5)

= −eEext
8
√

2

34
a

36

210
3 = −eEext

√
2a

33

27

so our second term to the second order correction is

| ∫ ψ0∗

310
H ′ψ0

100
dV |2

E0
1 −E0

3

= e2E2

ext2a
2

36

214

1

E0
1 −E0

1/9
= e2E2

exta
2

36

213

9

8E0
1

= e2E2

exta
2

38

216E0
1

so our total is

E2

1
=
e2E2

exta
2

E0
1

(217

311
+

38

216
+ . . .

)
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